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' Abstract 

I The main objective consists in endowing the elementary particles with an algebraic space-time 

, ^ ' structure in the perspective of unifying quantum field theory and general relativity: this is realized 

^1^, in the frame of the Langlands global program based on the infinite dimensional representations of 

' algebraic groups over adele rings. In this context, algebraic quanta, strings and fields of particles are 

QQ ' introduced. 
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Introduction 

This work is a first attempt for endowing the elementary particles with an algebraic space-time structure. 
The quantum essence of the quantum (field) theory is then of algebraic nature and the most adequate 
mathematical frame envisaged to carry out this project is the Langlands program which sets up bijections 
between the set of equivalence classes of representations of the Weil-Deligne group and the equivalence 
classes of cuspidal representations of the general linear group. 

The algebraic part of the Langlands program is realized by the Galois cohomology and more particularly 
by the Eisenstein cohomology which, being in one-to-one correspondence with the representation of the 
general linear group, constitutes a representation of the Weil-Deligne group while the analytic part of the 
Langlands program is given by the cuspidal representations of the general linear group. The cuspidal 
representation of a general linear group is constituted by the sum of its irreducible representations inflated 
from the corresponding unitary irreducible representations of the additive group of JR or C . 

But, instead of working with a linear mathematical frame as commonly envisaged in quantum theories, 
a bilinear mathematical frame will be considered for describing the structure of the elementary particles. 
This is justified mathematically in the sense that the enveloping algebra of a given algebra allows to define 
a representation of this algebra. This leads us to consider that if an algebra is supposed to be tractable 
physically, for example by a system of observations and measures, its mathematical management will only 
be reached by considering its enveloping algebra, i.e. by tensoring the given algebra by its opposite algebra. 
Generally, if a given algebra can become "measurable" , its opposite algebra will not be and its enveloping 
algebra will constitute the manageable algebra corresponding to an objectivable reality. But then, the 
quantum theories should be of bilinear nature as the invariants of the group theory and, more particularly, 
as the invariants of special relativity. If bilinearity is taken into account, then the quantum theories can 
be merged fashionably with the special relativity: this allows to find a simple solution to the problem 
of the interactions between elementary particles in the sense that the inextricable A^-body problem [Der] 
becomes easily solvable if it is replaced by a iV-bibody problem. Owing to that, a new light is brought to 
the gravitational force which then results from diagonal interactions between bibodies. 

An elementary particle must then be considered as a biobject, called a bisemiparticle: it is composed 
of the union of a left and a right semiparticle localized respectively in the upper and in the lower half 
space: this constitutes the basis of the model worked out by the author since the end of the seventies. 
The fundamental algebraic (space-)time structure of a bisemiparticle is then given by a "physical field" 
consisting of a sheaf of rings on a bisemimodule defined by the tensor product of a right and a left 
semimodule respectively over a right and a left adele (semi)ring. 

Bisemiparticles find a physical conceptual basis in the fact that every action implies and needs a 
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reaction. This concept of action-reaction was worked out by several authors in the frame of quantum me- 
chanics: let us mention the famous paper of R.P. Feynman and J. A. Wheeler [F-W] on the absorber theory 
of radiation and other papers [Whe] such as, for example, the paper of C.W. Rietdyk [Rie] conjecturing a 
retroactive influence based on the EPR paradox. 

The vacuum implicit in the Dirac theory by negative energy levels [Dirl], [Dir2] corresponds in this 
bisemiparticle model to the existence of a right semiparticle associated to a left semiparticle. It is likely 
that P.A.M. Dirac had several times the presentiment of this hidden reality, especially in his celebrated 
paper "the quantum theory of the electrons" [Dirl] and in a more recent paper [Dir6] on the epistemology 
of relativity and quantum mechanics. Notice that the set of dual right semiparticles associated to the left 
semiparticles in the bisemiparticles could be a candidate for the dark matter. 

On the other hand, it is conceptually acceptable to think that elementary particles have an internal 
structure which looks pointlike to the observer but which must be very complex in order to explain their 
transformations and decays. Furthermore, a spinning particle cannot be pointlike. 

The idea then consists in endowing elementary (semi) particles with an internal algebraic space-time 
structure from which their "mass" shell could be generated. Indeed, a way of bridging the gap between 
quantum field theory and general relativity is to consider that the expanding space-time, to which the 
cosmological constant of the general relativity equations can correspond, could constitute the fundamental 
structure of the vacuum of quantum field theory [Piel]. As, this vacimm of QFT is generator of matter, 
it is natural to admit that its space-time structure will generate matter, i.e. massive elementary particles 
due to the fluctuations of these elementary vacua associated to local strong curvatures of the space- 
time at the origin of degenerated singularities. So, the vacuum of the QFT becomes peopled of massless 
bisemiparticles potentially able to generate their mass shells due to the fluctuations of these bisemiparticles 
internal vacua which could contribute to the dark energy. If the geometry of general relativity is envisaged 
at the elementary particle level and if elementary particle internal vacua are taken into account, then 
the vacuum quantum fields correspond to them in the perspective of the Langlands program. Indeed, 
the generation of the "discontinued" algebraic space-time obtained by the (representation of) algebraic 
groups resulting from the Eisenstein cohomology of Shimura varieties is in bijection with its analytic 
"continued" counterpart given by global elliptic modules (which are truncated Fourier series) included in 
the corresponding automorphic forms. So, the "discontinued" behavior of the space-time of quantum field 
theory is in bijection with the "continued" geometry of space-time of classical general relativity by means 
of the Langlands correspondences. 

More concretely, the internal vacuum space-time structure of an elementary bisemiparticle will originate 
from its internal time structure which will be localized in the orthogonal complement space with respect to 
its space structure. So, the internal time structure of a bisemiparticle, which is its vacuum time field, will 
be assumed to be of algebraic nature and will correspond to a bisemisheaf of rings over a general bilinear 

algebraic semigroup. 

The "time" bilinear algebraic semigroup will decompose into conjugacy "bi" classes which are in one-to- 
one correspondence with the "bi" places of the considered algebraic extension (bisemi)field. The functional 
representation space of the "time" bilinear algebraic semigroup is given by the bilinear Eisenstein coho- 
mology which decomposes following the bicosets of the Shimura bisemivariety such that the conjugacy 
"bi" classes of the bilinear algebraic semigroup correspond to the Shimura bisemivariety bicosets which 
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are Gt{Aji x A j^)-subbisemimodules decomposing into one-dimensional irreducible (bi)components. Note 
that the conjugacy classes of Gt{A ^ x A/,) are defined with respect to its smallest ramified normal 
bilinear subsemigroup which implies that the equivalent representatives of the fi-th conjugacy class of 
Gt(Ajj X A i) can be cut into {p) + jj, equivalent conjugacy subclass representatives having a rank equal 
to N"^ and interpreted as time biquanta. i.e. the products of right quanta by left quanta. So, the rep- 
resentations of the one-dimensional components of the right and left conjugacy classes of Gf(A/{ x Al) 
are one-dimensional subsemimodules whose rank is a multiple of the rank N of a time quantum con- 
stituting also the representation of the global inertia subgroup of the considered conjugacy class. These 
one-dimensional subsemimodules are isomorphic to one-dimensional (semi)tori constituting the irreducible 
analytic representations of G't( A x A associated to the considered right or left places of the algebraic 
real number semifield and are interpreted physically as elementary "time" waves and strings. 

So the vacuum algebraic time structure of a left and of a right scmiparticle will be given by a set 
of correlated left and right waves represented by a left and a right time semishcaf of rings generated by 
Eisenstein cohomology from a ll?-time symmetric splitting semifield . The union of these left and 
right semisheaves of rings is the vacuum time "physical field" of the particle. 

But, the Eisenstein cohomology needs a cuspidal automorphic representation allowing to give an an- 
alytic representation to the bilinear algebraic semigroup G't(A_R x Al) . In this purpose, it is assumed 
that the space of global elliptic semimodules is included into the space of cusp forms so that the ring 
of endomorphisms acting on global elliptic bisemimodules is generated by the tensor product of Hecke 
operators whose coset representatives are given in function of the decomposition group associated to the 
split Cartan subgroup. 

These global elliptic bisemimodules are expanded in formal power series whose coefficients can be 
obtained from the eigenvalues of the coset representatives of the tensor product of Hecke operators. Each 
term of a global elliptic semimodule is a one-dimensional irreducible torus whose radius can be obtained 
from the coefficient mentioned above. 

In fact, only global elliptic bisemimodules have a real meaning and decompose into a sum of pairs of 
one-dimensional tori constituting irreducible analytic representations on pairs of places of the considered 
algebraic extension (bisemi)ficld. 

The algebraic space structure of a semiparticle can also be constructed as the functional representation 
of a bilinear algebraic semigroup in the context of the Langlands program or can be generated from its 
ID-time wave structure by a (7t->r ° E) morphim where: 

a) E is an endomorphism based upon a Galois antiautomorphism which transforms the Eisenstein 
cohomology in Eisenstein homology and in a complementary Eisenstein cohomology associated to 
the generation of a disconnected complementary ID-time wave structure. 

b) 7f^r- is a morphism transforming partially the complementary ID-time wave structure which is a 
ID-time semisheaf into a complementary 3D-space semisheaf representing the structure of a spatial 
wave. 

If the smooth endomorphism Et is such that the complementary Eisenstein cohomology is associated 
to the generation of a complementary connected semisheaf which is proved to be three dimensional, then 
the resulting complementary 3D-semisheaf will constitute the basic time structure of the three semiquarks 
of a semibaryon. 
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The fundamental l£)-time structure of a semibaryon is thus composed of a ID-coie time semisheaf 
generated by Eisenstein homology on the basis of the smooth endomorphism and of three ID-time 
complementary semisheaves generated by the complementary Eisenstein cohomology and constituting 
the time structure of the three scmiquarks. The space structure of the semiquarks is then obtained by 
['jt.^ri ° Ei) morphisms, 1 < i < 3 , as explained above. 

Semiphotons result from the nearly complete transformation of ID-time wave semisheaves into ID- 
complementary space wave semisheaves by the (7(^r ° E) morphism. 

The vacuum space-time structure of semiparticles is thus assumed to be given by: 

a) the number of sections of the space-time semisheaves representing their structure; 

b) the set of ranks of these sections and especially the set of parameters Ct^r{p)R,L measuring the 
generation of the complementary 3£)-space semisheaf with respect to the reduced l£>-time semisheaf. 

Each onc-dimcnsional section representative /i of the scmiparticle time or space semisheaf of rings has 
thus a rank = (p + ijl)N and is composed of [p + /i) quanta having a rank N . And, a one-dimensional 
spatial section representative /x , which is a string, is interpreted as the internal vacuum structure of a 
semiphoton at {p + p) quanta. By this way, the vacuum time and space structure of semiparticles is 
quantified. 

As the vacuum fundamental space-time structure of semiparticles is strongly perturbed because it is 
assumed to have likely a spatial extension of the order of the Planck length, singularities are generated 
on the sections of the space-time semisheaves O^^J^{t,r)sT ■ Consequently, these sections are submitted to 
versal deformations and spreading-out isomorphisms. Recall that a spreading-out isomorphism constitutes 
an algebraic extension of the quotient algebra of the corresponding versal deformation such that the base 
sheaves of the quotient algebra can be pulled out partially or completely by a blowing-up morphism, called 
spreading-out map which depends on a smooth endomorphism based on a Galois antiautomorphism. 

As the base sheaves of the versal deformation do not necessarily cover compactly the fundamental 
space-time semisheaf, a gluing- up of these base sheaves is envisaged so that they cover it by patches. 

Taking into account the codimension of the singularities on the fundamental space-time semisheaf 
0]{~i,{t,r)sT , it is proved that a maximum of two successive spreading-out isomorphisms consecutive 
to versal deformations can occur leading to the generation of two embedded semisheaves covering the 
fundamental space-time semisheaf of a scmiparticle. 

This allows to give a new light on the nature of the quantum field theory vacuum which is a state 
of zero-energy from which elementary particles are created by pairs. Indeed, one of the objectives of the 
present algebraic quantum theory is to consider that the vacuum of QFT must be viewed as being part 
of the internal structure of bisemiparticles in the sense that the fundamental 4Z)-space-time semisheaf 
0]^l{t, r)sT of a scmiparticle and the first covering semisheaf 0]^l{t, r)MG i obtained from 0]^^{t^ r)sT by 
versal deformation and spreading-out isomorphism and called the "middle-ground" structure, constitute 
the "vacuum physical semifield" of the scmiparticle from which the second covering semisheaf O^^f^ {t, r)M , 
obtained from 0]^l{t,r)MG by versal deformation and spreading-out isomorphism, constitute the mass 
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physical semificld of the scmiparticle. Note that this way of generating the mass of a (semi) particle 
replaces advantageously the Higgs mechanism. 

These two space-time and middlc-groimd structures have likely a spatial extension of the order of the 
Planck length to which it is well known that there is a breakdown of the standard quantum field theory 
[Pen]. 

Matter is then created from space-time. This reflects as aspiration of A. Einstein (June 9, 1952): "I 

wish to show that space-time is not necessarily something to which one can ascribe a separate existence 
independently of the actual objects of physical reality. Physical objects are not in space, but these objects 
are spatially extended. In this way, the concept of "empty space" loses its meaning" . 

The quantification of the 4_D-semishcaves " ST " , " MG " and " M " , given by their algebraic structure, 
involves that the frequencies of vibration of the semishcaves " ST " , " MG " and " M " are quantified. 
This allows to demonstrate that the 4D-semisheaf " M " of a semiparticle is observable while the 4D- 
semisheaves " ST " and " MG " are unobservable because the vibration frequency of the semisheaf " M " 
is inferior to the vibration frequencies of the semisheaves " ST " and " MG " . 

The semisheaves 0]i^i,{t,r)sT , 0R^Li'^^''')'^G and 0]^l{t,r)M constitute commutative algebras while 
one of these algebras extended by versal deformation(s) and spreading-out isomorphism(s) becomes non- 
commutative. 

As it was briefly taken up above, the algebraic structure of the " ST " , " MG " and " M " levels 
of an elementary particle is crudely given by bisemisheaves over lOD-bisemimodules of the corresponding 
bisemiparticle composed of the union of a left and of a right semiparticle. It is then demonstrated that a 
" ST ", " MG " or " M " bisemimodule, noted {Mii.st,mg,m ^ Ml.st,mg,m) can break down under a 
blowing-up morphism into: 

a) a diagonal bisemimodule {Mfi.sT,MG,M ®d Ml-st.mg,m) of dimension 4, characterized by a flat 
geometry and a diagonal orthogonal basis: it gives the diagonal central bistructure of the " ST ", 
" MG " or " M " level of the bisemiparticle; 

b) a magnetic bisemimodule {M^.grp ®m ^l-st mg m) '^^ dimension 3, characterized by a non- 
orthogonal basis and a metric called magnetic. It is composed of " ST " , " MG " or " M " magnetic 
biquanta and constitutes the magnetic moment of the corresponding level of the bisemiparticle; this 
magnetic bisemimodule results from the off-diagonal spatial interactions between a left and a right 
semiparticle; 

rp ( ^ (T) 

c) an electric bisemimodule {Mi^.gj, j^iQj^ ®e 

Ml 

■st,mg.m) of dimension 3, characterized by a metric 
called electric. It is composed of time-space or space-time biquanta which constitute the electric 
charge of the corresponding level of the bisemiparticle. This electric bisemimodule results from off- 
diagonal interactions between the time (resp. space) components of the right semiparticle and the 
space (resp. time) components of the associated left semiparticle. 

The diagonal, magnetic and electric bisemimodules are defined respectively by the "diagonal" , "mag- 
netic" and "electric" tensor products between the right and left semimodules Mjj and M^ (resp. M^ and 
Mf or M| and , ...). 
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If we consider the projection of the right (resp. left) semimodule on the left (resp. right) semimodule, 
then the right (resp. left) semimodule becomes the dual semimodule of the left (resp. right) semimodule. 

Furthermore, a bijective linear isometric map from the projected right (resp. left) semimodule to the 
left (resp. right) semimodule transforms each covariant element into a contravariant element and gives 
rise to a left (resp. right) diagonal, magnetic or electric biscmimodule. 

Associated with the appropriate internal bilinear form, the left (resp. right) diagonal, magnetic or 
electric biscmimodule allows to define a left (resp. right) bilinear internal Hilbert, magnetic or electric 
space. 

The algebras of operators acting on bilinear Hilbert, magnetic and electric spaces are bialgebras of 
bioperators owing to the bilinearity of these spaces. We have thus to consider bialgebras of von Neumann 
of bounded bioperators acting on these bilinear spaces. As the representation space of a given algebra is 
isomorphic to its enveloping algebra, the extended bilinear Hilbert spaces characterized by a nonorthogonal 
Ricmanian metric will be taken as natural representation spaces for the bialgebras of bounded operators. 

In this context, an (elliptic differential) bioperator ( ^T]^ ) maps the bisemisheaf Mfi (g) on the 
GLn{Aji X A i:,)-bisemimodule Mn Ml into the bisemisheaf (g) Af£ on the shifted GLn[m]{{^ r <S) 
C) X (A i (g) C ))-bisemimodule (M^ (g) M£) . (g) M£ is a perverse bisemisheaf whose sections are 
defined over the conjugacy classes fj, with multipliticics of GL„[„i]((A_r (g C) x (Ai, (g C)). Now, the 
Langlands program, setting up bijcctions between the algebraic GLn{An x AL)-bisemimodule {Mr ^ 
Ml) and the corresponding analytic global elliptic biscmimodule {{(pRisn) (g (j)L{sL)) , can be extended, 
under the action of a bioperator, into a shifted Langlands program establishing bijections between the 
shifted bisemimodule (M^ x M£) and the corresponding analytic shifted global elliptic bisemimodule 
{(I)'r{sr)®(I)'l{sl)) ■ An eigenbivalue equation directly follows from the shifted global elliptic bisemimodule 
such that its eigenbivalues form an embedded sequence in one-to-one correspondence with the embedded 
eigenbifunctions of Tr (g Tl which form an increasing sequence of truncated global elliptic bisemimodules, 
i.e. products, right by left, of truncated Fourier series. In this perspective, a bisemiparticle spatial 
wave bifunction will be given by the analytical representation of the GL2{Ar x A i:,)-bisemimodule and 
will consist in an increasing set of products, right by left, of truncated Fourier series whose number of 
terms corresponds to the number of considered conjugacy class representatives of GL2{Ar x A/,) : so, a 
bisemiparticle wave bifunction is described in terms of its spectral representation which corresponds to the 
classical assertion saying that the spectral theorem is equivalent to consider that any unitary representation 
of a compact Lie group is a direct sum of irreducible representations. 

As the consequence of the algebraic spectral representation of a wave bifunction, the group of auto- 
morphisms of an analytic von Neumann algebra is isomorphic to the group of "shifted" automorphisms of 
Galois which has for consequence that the entire dimensions of the von Neumann algebras are in fact the 
integers labelling the classes of degrees of Galois extensions. 

It is then proved that the discrete spectrum of a bioperator is obtained by means of an isomorphism 
from the bialgebra of von Neumann on an extended bilinear Hilbert space to the corresponding bialgebra 
of von Neumann on a bilinear diagonal Hilbert space. 

The bilinear structure of this quantum theory involves that: 

1) the traditional calculus with the amplitudes of probability of quantum field theories is replaced by 
a calculus with intensities of probability; 

2) the rotation of the sections of the semisheaves of a right (resp. left) semiparticle with respect to 
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the sections of the semisheaves of its associated left (resp. right) semiparticle allows to define the 
internal angular momentum of the right (resp. left) semiparticle from which it results that a right 
and a left semiparticles rotate in opposite senses and have only two possible spin states. 

To each ID- and 3D-" ST ", " MG " and " M " semisheaf corresponds a phase space which has the 
structure of a F-Stccnrod bundle whose basis is given by the considered semisheaf. 

The bisections of the bisemisheaves are tensor products of differentiable functions for which wave 
equations are studied: they are degenerated second order elliptic differential bilinear equations. 

The right (resp. left) wave function, solution of a wave equation, is proved to have a spectral decom- 
position in terms of eigenfunctions having an algebraic representation as mentioned above. The statistical 
interpretation of the wave function is the same as in quantum theories. This allows to reconcile the Bohr 
and Einstein points of view about quantum theories. 

Every elementary bisemiparticle has a "mass" central algebraic structure composed of pairs of right 
and left one- dimensional sections (which are in fact one- dimensional waves or open strings) behaving like 
(damped) harmonic oscillators. Thus, a "field" (in the physical sense, but having an algebraic structure) 
can be associated to the mass structure of each elementary bisemiparticle. And, as each one-dimensional 
subsection is an open string, this algebraic quantum model has also a "string" aspect. 

The mass equation for a bisection " fj, " of the bisemielectron is especially considered: it is the equation 
of a damped harmonic oscillator whose general solution consists in the superposition of two damped waves 
in phase opposition with frequencies given by ii"^ = fi^^.s and whose general motion corresponds to a 
damped sinusoidal motion whose dephasage is proportional to the linear momentum of the considered left 
(resp. right) section of the left (resp. right) semielectron. 

It is proved that the energy of a section &t fip = p-\- ^ quanta can be given in function of the energy 
of a quantum on this section following = fipEj^ . And, the energy i?^ of a quantum G can 
be calculated from the analytic development of the corresponding nontrivial zero of the Riemann Zeta 
function ({s) . 

The internal machinery of a bisemiparticle allows to justify the absorption and the emission of right and 
left quanta. In fact, each spatial one-dimensional bisection of the " ST ", " MG " and " M " bisemisheaf 
behaves globally like two adjacent gyroscopes having opposite torques which allows to understand that 
diagonal biquanta are emitted under the action of a diagonal centrifugal biforce represented mathemati- 
cally by a diagonal smooth biendomorphism corresponding to an inverse deformation and that magnetic 
biquanta are emitted under the action of a Coriolis biforce represented mathematically by a magnetic 
smooth biendomorphism. 

The emission and reabsorption of left and right magnetic quanta by left and right semisheaves having 
different magnitudes of rotational velocities generate by reaction a global movement of translation of the 
bisemiparticle. 

The structure of bisemiparticles is given by bisemisheaves so that an action-reaction process is generated 
by the interactions between the right semisheaves of the right semiparticle and the left semisheaves of the 
left semiparticle. Generalizing this concept to a set of bisemiparticles, it can be easily demonstrated that 
the interactions between a set of bisemiparticles result from the interactions between the right and left 
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semisheaves belonging to different bisemiparticles, leading to a set of mixed action-reaction processes of 
bilinear nature associated to interferences. This allows to get rid of the inextricable problems of Physics 
originated from linearity as A. Einstein outlined in [Ein5]: "Linear laws have solutions which satisfy the 
superposition principle but they do not describe the interactions between elementary particles" . 

The general mathematical frame allowing to describe the interactions between a set of N bisemiparticles 
is the Langlands reducible program as developed in [Pie9]. In this context, the spatial mass structure (i.e. 
the "mass" field) of N interacting bisemiparticles is given by the nonorthogonal completely reducible 
functional representation space of GL2n{^r x A^) as introduced in chapter 5. 

The bilinear interactions generate gravitational, magnetic and electric biquanta giving rise to a gravito- 
electro-magnetic field such that the gravitation results from diagonal interactions between bisemiparticles 
while the electromagnetism originates from off-diagonal interactions. 

It is then proved that: 

a) a set of bisemifermions interact by means of a gravito-electro-magnetic field; 

b) a set of bisemiphotons interact by means of a gravito-magnetic field; 

c) a set of bisemifermions and of bisemiphotons interact by means of a gravito-electro-magnetic field. 

The biwave equation of N interacting bisemiparticles separates automatically into Ng biwave equations 
of the Nq bisections of the N bisemiparticles and into {{Nq)^ ~ ^q) biwave equations referring to the 
interactions between the right and left sections of these N bisemiparticles. 

In this context, the antisymmetric electromagnetic field tensor is replaced by a gravito-electro-magnetic 
tensor whose diagonal components are the components of a gravitational field. This leads to a new 
conceptual approach of the electromagnetism and of the quantum gravity. 

In this algebraic quantum model, the strong interactions and the cause of the confinement of the 
semiquarks result from the new structure proposed for the scmibaryons. Indeed, the confinement of the 
semiquarks originates from the generation of the three semiquarks from the core time semisheaf of the 
semibaryon by a smooth endomorphism Et . The core time structure of a semibaryon is physically justified 
by the fact that the quarks contribute only to about 15% of the spin of the nucleon [Ash]. 

We then have that a right and a left semibaryon of a given bisemibaryon interact by means of: 

a) the electric charges and the magnetic moments of the three bisemiquarks; 

b) a gravito-electro-magnetic field resulting from the bilinear interactions between the right and the left 
semiquarks of different bisemiquarks; 

c) a strong gravitational and electric fields resulting from the bilinear interactions between the central 
core structures of the left and right semibaryons and the right and left semiquarks. 

The leptonic decay of a bisemibaryon results essentially from the diagonal emission of a bisemilepton 
throughout a diagonal biendomorphism. The emitted bisemineutrino allows to take into account the 
bilinear interactions between the emitting bisemiquark and the emitted bisemilepton. 

The nonleptonic decay of a bisemibaryon consists essentially in the emission of a meson by a bisemiquark 
throughout a nonorthogonal biendomorphism. 
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Finally, it is shown that the EPR paradox receives a new lighting because the linear frame of quantum 
theories is replaced by a bilinear frame so that two elementary bisemiparticles interact through the space 
by means of a gravito-magneto- (electric) field and nonlocally through the time by means of a ID-time 
gravitational field. 

Let us also make the following last remarks: 

1) This algebraic quantum theory is an algebraic quantum field theory describing the structure of 
elementary particles in terms of bisemiparticles from their internal algebraic space-time structures 
interpreted as elementary internal vacua whose union corresponds to the essential part of the vacuum 
of QFT. 

This algebraic quantum theory lies on the Langlands mathematical program and does not proceed 
from Lagrangian methods of classical mechanisms as the quantum field theories. This theory is thus 
not a priori directed towards the description of the trajectories of particles. However, the study 
of the structure of bisemiparticles corresponds to bringing up to light the existence of an internal 
dynamics with respect to internal variables of which the most popular are the proper time and the 
proper mass. But, this elementary "internal dynamics" also evolves with respect to an external 
time variable throughout the equivalent of the Stone theorem and leads to an "external dynamics" 
corresponding to the classical or quantum dynamics. 

2) In this AQT, all observables are quantified due to the algebraic nature of the theory: thus, the 
internal time, the internal space, the mass, the energy, the linear momentum, the charge, the elec- 
tromagnetism and the gravitation are quantified. 

3) The internal structure of a massive bisemiparticle is composed of biwave packets localized into the 
l£>-time and SlJ-spatial orthogonal spaces: the Si'-spatial structure of a bisemiparticle thus has 
a wave aspect which becomes evident when it interacts with other bisemiparticles by interference 
process. The corpuscular aspect of the 3D-spatial structure of a bisemiparticle can become apparent 
when its BD-sp&tial biwave packet is flattened into two dimensions as resulting from a collision. 

4) The internal time structures of semiparticles are perhaps not localized in a traditional one- dimensional 
time space but in a three-dimensional space. Then, a magnetic moment and/or field related to 
SD-timc structures ought to be envisaged as resulting from off'-diagonal interactions between time 
right-semisheaves and time-left semisheaves. 

5) Some of the difficulties of the standard model seem to have been solved in this algebraic quantum 
model, as for example the origin of the mass, the nature of the dark matter and energy and the 
existence of three families of elementary particles. 
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1 Algebraic representation of the fundamental 4Z)-space-time 
structure of semiparticles 

1.1 Generation of IZJ-semisheaves of rings by Eisenstein cohomology 

The aim of this section consists in the generation of two symmetric right and left ID-time semisheaves of 
rings Oji{—t) and 6j^{+t) whose q right and left sections are continuous functions over the completions of 
finite Galois extensions of global number field K of characteristic zero. The finite Galois extensions of K 
are the splitting field over K of the polynomial ring K[t] in the time indeterminate " t ". 
The dimension corresponding to the time variable will be called the generative dimension. 

Notation : R,L " means " R (respectively L )". 

Definition 1.1.1 (Symmetric polynomial ring) The polynomial ring K[t] is assumed to have for el- 
ements the polynomials P^,^ (t) and P^^ {—t) which are such that : 

a) All the polynomials P^^it) ,l</i<(Z,l<i^<oo, have a same number of positive simple 
(real) roots " N^j^ " and a same number of negative simple (real) roots " N^j^ " , i.e. N^j^ = ■ ■ ■ = 
Kl = --- = Kl and N+^ = --- = N+ii = --- = with in general not equal to 7V+j and 

b) The polynomials Pp,„(— t) ,l</J'<<7,l:^'^<oo, have a number of positive simple (real) roots 

equal to the number of negative simple (real) roots N'^^n of the polynomials P^{t) and vice 
versa. 

So we have that 
1 • Kl = , <fl = , V /. , 1 < < g ; 

Remark that, when the polynomials P^^{t) and Pli^{—t) of the polynomial ring K[t\ have simple 
complex roots, K[t] is manifestly a symmetric polynomial ring if all the polynomials P^^{t) and P^^{—t) , 

have a same number of simple complex roots. 

Definition 1.1.2 (Symmetric splitting semifield) This polynomial ring K[t\ is then composed of a 
set of pairs of polynomials {P^^ (t) , P^^ {—t)}fi^u ■ Each set of pairs of polynomials for the index generates 
the symmetric splitting subfield which is composed of the set of positive simple roots, noted -L+ , and 
of the symmetric set of negative simple roots, noted L~ . is thus characterized by the properties: 

a) L^ = L-UL+ . 

b) i;nP+ = 0. 

c) To each positive simple root € -L+ corresponds the symmetric negative simple root e L~ . 

and L~ are respectively a left and a right algebraic extension semisubfields. They are semisub- 
flelds because they are commutative division semisubrings. They are ^^semisubrings" because (1/+,+) and 
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[L^ , +) are abelian semisubgroups [H — N] lacking for inverses with respect to the addition and endowed 
with associative multiplication and distributive laws. 

Similarly, each set of pairs of polynomials {^'^^ (i), -P^,^ € ^[t] generates a complex symmetric 

splitting subfield composed of the set of complex simple roots, noted L'^ , and of the symmetric set of 
complex conjugate simple roots, noted . and are also respectively a left and a right algebraic 
extension semisubfields. 

Definition 1.1.3 (Right and left specializations) We consider the right and left specializations [Weil] 
of the right and left scmisubrings A^j^n and Af^L (included respectively in the semirings An and Al ) from 
the polynomial subring {Pfj,^{t), Pn^{—t)} G K[t] . 

The right (resp. left) specialization of A^n (resp. A^l ) is completely determined by p^_R (resp. p^L ) 
which is a nonzero prime right (resp. left) specialization ideal of A^ji (resp. ), i-e. the set of all 

negative (resp. positive) nonunits of A^ji (resp. ^^i, ), such that p^a flp^i, = . 

We denote by -B^^ii (resp. B^l ) the integral closure of A^n (resp. A^l) in Lj^ (resp. L+ ) (i.e. the 
set of elements of L~ (resp. ) which are integral over A^u (resp. A^l )). Then, the right (resp. left) 
semisubring (resp. B^l ) is a finitely generated A^/j-right semimodule (resp. A^^-left semimodule) 
[Ser3]. 

Let b^Ri C • • • C b^Un (resp. b^Li C • • • C b^Ln^ ) be a chain of distinct prime right (resp. left) 
ideals of B^r (resp. B^l ) obtained under the right (resp. left) action of the right (resp. left) Galois 
group Tf^R = AutK L- (resp. T^l = Aut/f L+ ). 

If PtiR = bf^R^^ n Af^R (resp. p^L = b^L^^ n A^l ), 1 < V < , then b^R.^ (resp. bi_tLi^ ) divides (or 
is above) p^_R (resp. p^L )• 

Then, Bij,R/b^R^^ (resp. B^L/b^L^^ ) is an extension of A^r/p^r (resp. A^L/PiJiL ) of finite degree, 
called the right (resp. left) global residue degree of b^R = b^R^^ (resp. b^^L = bfj,Ln^ ) and noted fi,^^ 
(resp. fb^^ ). 

1.1.4 Inertia subgroups and adele semirings 

If the right (resp. left) ideal bfj,^ (resp. b^^ ) is assumed to be unramified, we have more precisely that: 
[L;^"'-) : K] = (resp. [L+^^^^ : K] = ) 

where ^^^'^ (resp. L^'""'^^ ) is a right (resp. left) imramificd algebraic extension. 

Let Gal(L^^"''Vif) (resp. Gal(L+('"'Vi4:) ) denote the Galois sub group of the unramified right (resp. 
left) extension X^^"*^^ (resp. i^*^'"^' ) of K and let Ga.l{L~ / K) (resp. Ga.l{L'^ / K) ) be the Galois subgroup 
of the corresponding ramified right (resp. left) extension L~ (resp. Z/+ ). 

If (resp. ) denotes the global inertia subgroup of Gal{L~/K) (resp. Gal(i+/ii') ), then the 
equalities follow: 

Gal{L-/K)/l^- = Gal(L;("'-)/i^) , 
(resp. Ga\{L+/K)/l^^ = Gal{L+(-^^ / K) ), 
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leading to the exact sequences: 

1 . I^- . Gal(L;/i^) . Ga\{L-(-^^/K) . 1 

(resp. 1 . . Gal{L+/K) . Gal{Lp^^^/K) . 1 ). 

On the other hand, it was seen in [Pie9] that 

: K] = A,.^ =fcp + M'=P + M, l<M<9<oo, 
where < p — 1 is an integer referring to congruence classes modulo p such that kp + /j,' = p + ji 
(resp. ■.K] = h^^=kp + ,i' =p + ,, ). 

If the global residue degree fb^^ (resp. /(.^^ ) is an integer and not an integer modulo p , then p = and 

If N denotes the order of the global inertia subgroups (resp. /^+ ), 1 <//<<?< oo , then the 
degrees of the right (resp. left) ramified extensions L~ (resp. L+ ) are given by integers modulo N : 

n^, = [L-:K] = * + .N^h^^-N = {p + fi)N 
(resp. n^, = [L+ : K] = * + f,^^ ■ N ^ f,^^ ■ N = {p + n)N ) 

where * denotes an integer inferior to N . 

Let L-^ (resp. ) be the /i-th completion corresponding to the right (resp. left) ramified algebraic 
extension L~ (resp. ) and associated to the place (resp. ). 

The completion Ly^ (resp. ), which is a one- dimensional ii'-semimodule, is assumed to be generated 
from an irreducible (central) ii'-semimodule i^i (resp. L^i ) of rank (or degree) A'' such that i^i ~ 
(resp. Lyi -p,,^ ). 

As a result, L- (resp. ) is cut into a set of [p + /i) eqiiivalent real subcompletions (resp. 
L n> ), 1 < A*' < , of rank N : since the rank of Ly (resp. Ly ) is also given by: 

= [Ly^ : K] ~ ft,,^ • TV = (p + /x) AT 
(resp. n^^ = [Ly^ : K]:^ ■ N = {p + ,i) N ). 

So, the ranks or degrees of the real completions Ly^ (resp. Ly^ ), 1 < < g , are integers oiX jp N TL , 
noted in condensed form Z . 

On the other hand, as a place is an equivalence class of completions, we have to consider at a place 
Vfi_ (resp. ) a set of real completions {i-^.m^,} (resp. {iu^.m^,} ), G N , equivalent to the basic 
completion Ly^ (resp. Ly^ ) and having the same rank n^^ (resp. n^^ ) as hy^ (resp. Ly^ ); the integer 
m^'*' = sup(m^) is interpreted as the multiplicity of Ly^ and Ly^ . 

Then, a right (resp. left) "ramified" adele semiring A (resp. A i,^ ) can be introduced by: 

(resp. Al, = U.Lv^U. Lv^,m^ )• 
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1.1.5 Representations of the algebraic bilinear general semigroup 

Let T2(A i_) (rcsp. 72 (A i^, ) ) denote the matrix algebra of lower (resp. upper) triangular matrices 
of order 2 over the adele semiring A i_ (resp. A ) . Then, according to [PielO], an algebraic bilinear 
general semigroup over the product of A l_ by A can be introduced by: 

GL2(Al, X A^J = X T2(AiJ 

such that: 

1) GL2{A L^x Al^) has a bilinear Gauss decomposition: 

GL2(Al^ X AlJ = [(^2(AlJ X I)2(AlJ][C/T2(AlJ x UT^{Al^)] 

where 

• D2{-) is a subgroup of diagonal matrices, 

• UT2{-) is a subgroup of imitriangular matrices; 

2) GL2{A L- X A L^,} has for modular representation space Repsp(G-L2(A l_ x A^^)) given by the tensor 
product M/f (g) Ml of a right T|(A L.^)-semimodule Mji by a left 72 (A )-semimodule Ml ■ 

Mr (resp. Afi ) decomposes into T|(L^^ )-subsemimodules My^^^^ (resp. T2(L^^)-subsemimodules 
Mv^,m^ ) following: 

= 714^ (resp. = M,^ ). 

Each r2(iiT,, )-subsemimodule M^^^^ (resp. r2(L„^)-subsemimodule My^^^ ) constitutes an equiv- 
alent representative of the /i-th conjugacy class of TKA l_) (resp. T2{Al^) ) with respect to the fixed 
global inertia subgroup II^ and has a rank given by n^^ = {p + fj,) ■ N (resp. n^^ = {p + fj,) ■ N ). So, the 
TKA i_)-semimodule Mr (resp. T2(Ai:,^)-semimodule ) has a rank: 

nfl= 0n^„ =00(p + m)-^ 

(resp. nL= 0n^^ =00(p + M)-Ar). 

On the other hand, the right (resp. left) global inertia subgroup II^^ (resp. Il„^ ) has a representation 
space given by Repsp(Tj(L^i )) (resp. Repsp(T2(L„i ))) where L^iji (resp. L^i ) is an irreducible completion 

fX fJ. fJ, [J. 

of rank N as introduced in section 1.1.4. 

1.1.6 Quanta, strings and field are introduced 

Consequently, each representative My^ (resp. My^^^^ ) of the ji-th. conjugacy class of T2(A i_) 
(resp. r2(A L^) ) is cut into (p + fi) equivalent conjugacv subclass representatives M_^' (resp. M ^' ), 
1 < /i' < /i , having a rank equal to and being in one-to-one correspondence with the [p + jj,) equivalent 
subcompletions L_j^' (resp. L^^i ) oi Ly^ (resp. Ly^ ). 

These conjugacy subclass representatives M_^/ (resp. M ) are interpreted as right (resp. left) 
time quanta which are thus closed irreducible ID algebraic sets of degree A'' . 
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Each representative My^^^ (resp. My^ ), being a one- dimensional (iu^ )-subscniiniodulc (rcsp. 
T2(i„^)-subsemimodule), is a string localized in the lower (resp. upper) half space. So, each string My^^^^ 
(resp. My^^^^ ) is composed of (p + /u) quanta, where {p + n) is the global residue degree /fe^^ (resp. /b^^ ) 
referring to the dimension of a quantum class representative. 

On the other hand, we want to introduce the set of smooth continuous (bi)functions on the representa- 
tion space Mr®Ml = Repsp(GL2(A l^xA l^}) of the algebraic bilinear semigroup GL2(A l^x A l^) ■ Due 
to the bilinear Gauss decomposition of GL2 (A l_ x A ) , we have to envisage the set of smooth continuous 
functions (jJCaixg^) , Xg^^ G T^KA , on Mr = Repsp(T2(A i^)) and localized in the lower half space as 
well as the corresponding symmetric set of smooth continuous functions (j^GLi^gh) ) ^ql ^^2(^1,^) , on 
Ml = Repsp(r2(AL^,)) and localized in the upper half space. 

On Mr (g) Ml , the tensor products (xg^ ) (S> (I^Gl i^gL ) of smooth continuous functions have to be 
considered: the are called bifunctions. 

But, as GL2(Ai,_ x A^^) is partitioned into conjugacy classes, we have to take into account the 
bifunctions 0G^,„i^,j? (^^^i?) ® '?^GM,".f,,i. (^Ait ) '^^ ^^'^ conjugacy class representatives My^ (g) My^_^^ . 

The set of smooth continuous bifunctions {4>g^ « (^^mj? ) ® '/'G^, l (^ml )}m ^^'^ GL2(A l_ x A l^)- 
bisemimodule Mr ® Ml is a bisemisheaf of rings, noted Cmb ® ^Ml or Mr (g) Ml , in such a way that the 
set of continuous bifunctions are the (bi)sections of Cmr <8) Cml ■ 

Note that Cmr (resp. Cml )) having as sections the smooth continuous functions </'Gn,„^,R(a^^H) (resp. 
4>g^,^^,l{xi^l) )) is a semisheaf of rings because it is a sheaf of abelian semigroups CA/„(.Xpj,) (resp. 
^MLi^HL) ) for every right (resp. left) point (resp. ) of the topological semispace Mr = 

Repsp(T2(A i_)) (resp. Ml = Repsp(T2(A l^)) ) where CmbIs^mb) (resp. Cml{xi^^ ) has the structure of a 
semiring [Serl], [G-D]. 

Remark that the pair {Cmr , Cml } of semisheaves of ring or their product Cmr <S) Cml is what the 
physicists call a field because each pair {<t>G^.„^^,R{Xfj.„),4'G^,^^,L{xtiL)} of smooth continuous symmetric 
functions behaves like a harmonic oscillator as it will be seen in the following. 

As each representative My^ (resp. My^ ) of the yU-th conjugacy class of r|(A z,^) (resp. T2(A l^ ) ) 
has a rank equal to n^^ = {p + m)-^ (resp. n^^ = {p + A*)-^ ); we will say by abuse of language that the 
function ^!>G^,„^,B(a;^B) (resp. (t>G^,^^,L{xnL) ) on M^^^^ (resp. M„^^^ ) is characterized by a rank 
(resp. n^^ ). 

If (p ^' {x f,' ) (resp. (f) ^' (x ^' ) ) denotes of the smooth continuous function on the /i'-th 
equivalent conjugacy subclass representative Af_,./ (resp. M ^1 ), then {M_^i ,cj)„^' {x^u,' )) 

'-'/'•""(I ""ti.m^ Gfi,mf^,n '-'l^R 

(resp. (M , 4>„^i ix„^' )) ) is a closed irreducible one-dimensional subscheme of rank N associated 
to the right (resp. left) quantum M_^/ (resp. M ^> ) and noted M_^/ (resp. M ^> ). 

1.1.7 Emergent projection and Borel-Serre compactification 

1) As the right (resp. left) subsemimodules My^^^^ (resp. My^^^^ ) are not necessarily closed strings, 
the emergent toroidal projective isomorphisms: 

If^H ■■ My^.m, > T^R (resp. : 

are introduced such that [Pie3]: 

a) the geometric points of My^^^^ (resp. My^^^^ ) are mapped onto the origin, called the emergence 
point which can be viewed as the point at infinity of the resulting projective variety; 
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b) these geometric points are then projected symmetrically from the origin into the affine connected 
compact algebraic varieties ^ (resp. ^ ) [C-S] which "are" l£'-(semi)tori Tj^^ (resp. 
T^^ ) [B-T] characterized by a radius of ejection r^^.i- such that: 

• ^ (resp. ) are localized in the lower (resp. upper) half space with respect to 
the time variable " f " ; 

• each time quantum M^,, is localized on a closed afBne subset of Mj , taking into 
account the : M_^i — > M"^, morphism. 

Remark that it will also be considered in the following that M'£ , (resp. M'^ , ) are 
isomorphic to lD-(scmi)tori, the distinction between the two cases being in general evident. 

2) the space X = GL2{IR) / GL2{1i) corresponds to the set of lattices oi IR . In this perspective, we 
have introduced in [Pie9] a lattice bisemispace Xs^^^ = GL2{A l_ x A L^)/GL2(^p^) , where A 

is a ramified adele semiring over a complex semifield L^, , such that the boundary dXs^^L of 
compactified bisemispace Xs^xl corresponds to the boundary of the Borel-Serre compactification 
[B-S] and is given by: 

dXs^xr. = GL^iA^T X Alt)/GL2{zIj 

where A (resp. A ) is the right (resp. left) ramified adele semiring with respect to the "toroidal" 
completions of the L J (resp. Lj^ ) : A r t = FT TT 

Let us note that there exits an isomorphism 7_rxl : ^Srxl > ^Xs^xl between the compact- 
ified lattice bisemispace Xs^xl ^^^^ its boimdary OXsny ^ such that a one-to-one correspondence 
exists between the complex "bipoints" of ^s„xi ^^"^ '^^al "bipoints" oidXsn„i^ (a bipoint being 
defined as the product of a right point localized in the lower half space by a left point localized in 
the upper half space). 

3) The double coset decomposition dSj^o ^ of the boundary dXsnxL of the compactified lattice bisemis- 
pace corresponds to a Shimura bisemivariety and is given by: 

dS^o^^ = P2(A^. X A^. ) \ GL2(A^j X A^.)/GL2(zJj 

where 

• P2 (A j^T ) is the standard parabolic subgroup over the adele subsemiring Aj^t =Y\ L'^i H 

where Lj. denotes the /x-th irreducible toroidal central subcompletion of L?^ having a 
rank equal to N . 

P2{Aj^T^ X A^^T ) is a bilinear parabolic subgroup and is considered as the smallest normal 

ramified bilinear subsemigroup of the bilinear algebraic semigroup GL2{Aj^t x A^t) . The 
bilinear quotient semigroup P2{A^t^ x A ^^t^) /GL2{A j^t x Ai^t) has its (bi)cosets which are in 
one-to-one correspondence with the modular conjugacy classes of GL2{Aj^t xAi^t) with respect 
to fixed bielements which correspond to the product LT^ x i^i of irreducible subcompletions. 

• the general bilinear semigroup GL2(A j^t x A^t) is a bilinear algebraic semigroup [Chel], 
also noted Gtf^^^^A rxl) in abbreviated form, to which corresponds the bilinear semigroup of 
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modular automorphisms of Gt^^^ (A rxl) , such that the set of products, right by left, of orbits 
of Gtji^i^{A fiy^i^) coincide with its modular conjugacy (bi)classes. 

The fixed bielements of a modular conjugacy class of GL2{A]^t x Aj^t) are the elements the 
bilinear parabolic subgroup P2 (A x Aj^t^) , representing the product of global inertia sub- 
groups [Pie9] {II^^ X II,^ ) . 

• the modular conjugacy classes of Gtn^^ {Arx Aj,) correspond to the (bi)cosets of Gt^^^ (A n x 
A l) I GL2{Ij p^) since the subgroup GL2(Zp_^) constitutes the representation of the (bi)cosets 
of the tensor product of Hecke operators as it will be seen in definition 1.1.18: it is also noted 
-^iix L p, ) • The bilinear quotient semigroup GL2 ( A x A ) / GL2 ) consists in a double 
symmetric tower of conjugacy class representatives characterized by increasing ranks, i.e. by 
increasing numbers of quanta or strings. 

4) The double coset decomposition dSj^n ^ restricted to the lower (resp. upper) half space then 
becomes: 

OSk,^ = P2 (A ) \ T2* (A ^t)/T* (Z ) 
(resp. OSk,, = PslA^j-J \ T2(A^.)/r2(ZpJ ). 

It will also be noted: 

dSK,^ - Pt, (A ) \ Gt„ (A H)/Kn{Z,J 
(resp. OSk,, = Pt, (A ) \ Gt, (A l)/Kl{Zp^ ) )• 



1.1.8 Right and left semisheaves of rings 

The set of products, right by left, of toroidal projective isomorphisms: 

transforms the GL2(A i,_ x A !,„ )-bisemimodule Mr® Ml = 0(M^^^^ (g)M„^^^) into the GL2(Aj;,t x 

A i.)-bisemimodule Ml®Ml = 0^ 0„^ (MJ^^^^ ® M^^^ ) . 

Each representative M?"^ ^ (resp. ^ ) of Mj^ (resp. Mj ) is a scmitorus localized in the 

lower (resp. upper) half space. In fact, we shall be essentially interested in right (resp. left) one- 
dimensional tori: so, we have to double the representatives M^^^ (resp. Mj^^ ), i.e. to consider 
representatives M^^ ^ (resp. ^ ) characterized by double ranks and by double quanta in such a 
way that M^^ ^ (resp. -M^^ ^ ) be closed strings [Del^Wit]. But, in the following, wo shall maintain 
the condensed notation M^^^ ^ (resp. MJ^^ ) for the two cases, the distinction being evident by itself. 
On the representation space = Repsp(Tj(A^T)) (resp. Mj = Repsp(T2(A /^t)) ) of rJ(A^T) (resp. 
T2(AiT) ) cGL2(A^T X A^t) , we can consider the set of differentiable smooth functions (j)GT (a;^^) 
(resp. 0GJ'„ {^i^l) ) on the representatives ^ (resp. M^^ ^ ) of (resp. ): it is a semisheaf 
of rings noted (resp. 6]^ ) or (resp. Mj^ ). 

The differentiable functions ^c^^ i^tin) (resp. (t^aj^^ {^hl) ) sections of the semisheaf of 

rings 6]^ (resp. ): they are noted in condensed notation s^^ (resp. s^^ ). 
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Remark that the following developments will essentially deal with the semisheaf of rings 9]^ (resp. 6*^ ) 
because they naturally lead to automorphic representations (see sections 1.15 to 1.23) and to Langlands 
global correspondences (similar developments can be envisaged on the semisheaves of rings Cmr (resp. 
Cml ) or Mr and (see section 1.1.6)). 

It is then possible to define a graded algebra on the set of right (resp. left) sections s^r^l of the right 
(resp. left) semisheaf of rings 6}^ ^ . 

Proposition 1.1.9 Let ^ be the right (resp. left) rank of the right (resp. left) section s^r^l and 
'^{^i+i)R,L ih,e right (resp. left) rank of the right (resp. left) section S(,x+i)_r,l • Then, the inequality 
'n{ix+i)R,L > ^/LiiJ.L leads to the topological embedding s^r^l C S(^+i)i{,L between the fi-th and the (/i + 1)- 
th section. 

Proof. If the inequahty n(^n+i)R,L > n^R^L holds, then Sf^ij,+i)R^L 3 s^r^l ■ Indeed, if r(a;^+i)ii,L and 
r{x^)R,L denote respectively the radii of ejection of the points X(^^_^_i)r^l e S(^+i)/{_i and x^r^l e s^fl,L , 
it is evident that r{x^+i)R^L > r{Xfj,)R^L ■ ■ 

Corollary 1.1.10 Let sirx C • • • C .Sq/?.L be the increasing filtration of the q sets of sections of the 
semisheaf of rings 0]^ to which is associated the sequence of ranks 

'"'^R.L ~ {'^l-R>-f" ■ ■ ■ ' 1^tiR,L, ■ ■ ■ , 1T'qR,L} ■ 

Then, the right (resp. left) semisheaf of rings 0\ij^ is characterized by the global rank given by the set 

We are now concerned with the cohomology of the boundary of the Borel-Serre compactification [B-S] , 
[Sch2] of semispace d Skir i, : it is the Eisenstcin cohomology, as nicely developed by G. Harder [Harl], J. 
Schwermer [Schl] and others, which becomes the so-called right (resp. left) Eisenstcin cohomology when 
it leads to the generation of a right (resp. left) semisheaf of rings ^ on the Gt^,!, (A i?^L)-semimodule. 

Definition 1.1.11 (Nilpotent fibration on the right (resp. left) Shimura semivciriety) If we take 

into account: 

• the Gauss decomposition of the bilinear algebraic semigroup 

GtR^A^R X Ai) = GL2{kR xAl) = T^Ar) x T2{Al) 

= [D2{Ar) X UTI{Ar)][D2{Al) X UT2{Al)] , 

as developed in 1.1.5. where Ar = A^^t and Al = Ai^t ; 

• the Levi decomposition of the right (resp. left) parabolic subgroup 

(A ) ^ P2 (A ) = D2{A ) • UT^ (A ) 
(resp. Pt, (A ) ^ P2 (A ) = (A ) ■ UT* (A ) ) 



19 



• and the similar decomposition of 

(resp. Kl (Zp, ) = T2 (Zp, ) = D2 (Z ) • UT2 (Z ) ) , 

introduced in 1.1.7., 

into product of unitriangular matrices of nilpotent subsemigroups by diagonal matrices of centralizers 
Z (•) , noted here M(-) to respect the notations of [Schl] and [Har2], we are led to define, following G. 
Harder and J. Schwermer, the fibration: 

95^,^ =P2(A^. )\T*(A^)/T*(ZpJ 

. = M(A ) \ M(A n) I (Zp, ) 

(resp. dSK,, = P2{A ) \ T2(A T2(ZpJ 

= Z)2(AiT)\i52(A^)/i32(Zp, ) 
having as right (resp. left) fiber, the right (resp. left) nilpotent fiber 

N{A ) \ 7V(A r)/kS = UTi{A ) \ C/T*(A n) / UTHZ^^) 
(resp. N{AltJ\N{Al)/k^! = UT2{A^tJ\UT2{Al)/uT2{ZpJ). 

Proposition 1.1.12 The right (resp. left) Eisenstein cohomology associated with the generation of a right 
(resp. left) semisheaf of rings 0]^^ decomposes into: 

= H*{Ptn,L{^L-J\GtRA^R,L)/Kn,L{^pJ,0'n^L) 
whereSp^^ = M(A^. ) \ M(AK,^)/ii'^r (^pj • 

Proof. The right (resp. left) Eisenstein cohomology j^{d Skir.l j ^r l) decomposes into the direct sum 
of right (resp. left) cohomology classes referring to right (resp. left) cosets ^r^l of {GtR,L{A r^l)/ Kr^l) 
such that the right (resp. left) coefficient system be given by the right (resp. left) semisimple Lie algebra 
cohomology Hf^ j^{urx, Or,i,) which is a right (resp. left) semimodule for the right (resp. left) algebraic 
semigroup Mi{,L( A k_l) . 

If UPf^^ is the right (resp. left) unipotent algebraic semigroup, then ur^l = Lie {uprj^) is its right 
(resp. left) nilpotent Lie algebra. 

Note that this decomposition of the right (resp. left) Eisenstein cohomology is an adaptation of the 
developments of G. Harder [Har2]. ■ 
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Definition 1.1.13 (Algebraic Hecke characters) If denotes tlie right (resp. left) Galois sub- 

group Gal(L;F/if) , let 

be given by 

X{Tr,l) = Honi(Tfl,i Xk Ll,Gm)= X{Tl^ ^) , 

where Gm = GLi . 

Then, the set Xr^l = {Mr^l, ■ ■ , X^r^l, ■ ■ ■ , Xqr^l} is the sequential set of weights in X{9]^ i) referring 
to the q basic right (resp. left) sections of the right (resp. left) semisheaf of rings 6\i j^ . 

Let ojR^L = {i^\R,L-, ■ ■ ■ ,i^qR,L} be the set of q right (resp. left) actions of the Weyl groups on A/j^i, e 

Remark that cor^l is a set of Weyl subgroups because this set acts on the set of right (resp. left) 
characters X^r^l ■ 

Consequently, the maximal convex right (resp. left) subsets of X{6j^ j^) will be in negative (resp. 

positive) Weyl chambers. 

Let finally (I)r,l = i^r,l ■ Xji,L be the set of right (resp. left) algebraic Hecke characters [Clo] on 0]^ . 



Proposition 1.1.14 Let -Bt_R,L(Ai{^i) be the right (resp. left) Borel subgroup of upper (resp. lower) 
triangular matrices of the right (resp. left) algebraic semigroup GtR,L{^ r,l) ■ Then, the right (resp. left) 
Eisenstein cohomology H*{d Sxt^^ ^j^r^l) decomposes into one-dimensional eigenspaces: 

OJR.L 4>R,L 

where S'^"-^ = lim S^^'^^ . 



Proof. Indeed, the cohomology H* {uBtR,L ^ (^r l) ^ right (resp. left) semimodule for the set of tori 

rpl r 7^1 7^1 T'l X 

-^R,L ^ I-^IR.L^ ' ' ' '-^tj.R,L'' ' ' T^qR,Li ' 

In this context, Kostant's theorem says that the cohomology decomposes into one-dimensional eigenspaces 
under ^ . The right (resp. left) Eisenstein cohomology then decomposes into one-dimensional eigenspaces 
with respect to ur^l and the type of algebraic Hecke characters (t>R,L according to the considered induced 
representation ttq of the Borel right (resp. left) stratum of Bji^L{A r^l) = PtR,L ■ ■ 



In correlation with Kostant's theorem, it appears necessary to develop a bit further the problem of the 
representation of Eisenstein cohomology into irreducible one-dimensional components. Taking into account 
that Eisenstein series are eigenf unctions of Hecke operators and that the decomposition of Eisenstein 
cohomology into irreducible submodules characterized by some weights needs a cuspical automorphic 
representation of the algebraic semigroups GtRj^{A r^l) , we have to envisage the action of the Hecke 
operators in the space of cusp forms. 

Note that cusp forms are directly related to the branes of "string physicists" . 
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Definition 1.1.15 (Algebra of cusp forms) Let H denote the Poincare upper half plane in C . As- 
sume that fi, is a normalized eigenform, holomorphic in H and defined in {Im(zi) > 0} with respect to 
01, e C of ql = e^'^"'^ . The normahzed eigenform fi, , expanded in formal power series /l = J^^^tilIl ' 

n 

are cusp forms of the space Sl{N) and are eigenvectors of the Hecke operators , fov £\ N , and Ue^ , 
for £ I N where A'' is a positive integer. Then, Fourier coefficients of /l and eigenvalues of the Hcckc 
operator coincide: ai = 1 and a„ ~ c{n,fL) so that the c{n, /l) generate the ring of integers 9l of the 
number field L"*" over Q . The space Sl{N) can then be considered as a ^^-algebra over 9l ■ 

As wc are concerned with the endomorphisms of the algebra of cusp forms Sl{N) , it is the bialgcbra 
S'£ = Sl{N) Sb.{N) which must be considered in the developments such that tensor products of Hecke 
operators acting on tensor products of cusp forms defined respectively in the upper and in the lower half 
plane will be envisaged. The coalgebra Sii{N) of cusp forms is defined in the Poincare lower half plane H* 
and has for elements the eigenforms /ij = ('■urOr with = e~^'^*"^« where zn is the complex conjugate 

n 

of zl ■ These eigenforms fn are eigenfunctions of Hecke operators T^^ , for ^ | A'' and J/^^j for ^ | A?" . 

Definition 1.1.16 (Global elliptic A fl^i^-semimodule) In order to get an automorphic irreducible 

representation of the algebra of cusp forms, we shall consider that the one-dimensional semisheaf of 
rings 9]^ define a global elliptic semimodule whose space is included in the space of cusp forms. Let 
sr,l = ^{9ii l) denote the set of sections oi6\j^ . For each section s^r ^ € sr^l , let End(Gs„ j;,) be the 
Frobenius endomorphism of the group GsR.i, of the elements s^„^ and let q^P q^ip+f') g Endw^{GsR^^) 
be the corresponding Frobenius substitution with q'^(P+^^'> = p±^^i(p+ii)x ^ x £ M . 

A global elliptic right (resp. left) Si?,L-semimodule (j>R.L{sR,L) in the sense of Drinfeld [Drin] is a ring 
homomorphism [And]: : sr^l ^ End(G's„^) given by <I)r,l{sr,l) = E E '/'(■SgH,i.)/*,m^«'^^^+^VQ r,l 

where E ^'^^s over the sections T^^ ^ of 9]^^^ having ranks and where E ^^^^ ^^^^ the number of 

ideals of the decomposition group Di^2 introduced in section 1.1.8 and corresponding to the multiplicity 
m^'*) of the /z-th section. 

Lemma 1.1.17 The space Sr^l{4'R,l) of global elliptic SR^L-semimodules 'Pr,l(,sr^l) is included into the 
space Sr^l{N) of cusp forms fR^L ■ Sr^l{<Pr,l) ^ Sr^l{N) such that fR^L ^ (I)r,l{sr,l) ■ 

Definition 1.1.18 (The decomposition group) The ring of endomorphisms acting on the global el- 
liptic i-semimodules included into weight two cusp forms is generated over by the Hecke operators 
Tq„ for N \ qfq and Uq„ ,^ for N \ q^ [M-W], [Lan3]. The coset representatives of Uq^ can be chosen 
to be upper triangular and given by integral matrices ( o ) while the coset representatives of UqR are 
lower triangular and are given by matrices ( g*^ ) • For general n = a ■ d , we would have respec- 
tively the integral matrices (q ) (^^ of determinant n ■ N = ad ■ N = gn ■ dN such that 

gjv = * mod N c^^ q ■ N and 6jv = * mod N . 

= q - N (case q^ = mod N ) 

But, as noticed in definition 1.1.15, we have to consider tensor products of Hecke operators. So, taking 
into account that the group of matrices u{b) = (J i) and u(6)* = (^ ?) generate ¥q [Lan3], the following 
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coset representatives 




1 
,0 



will be adopted for Uq^ f/g^ where 0^2^ = ( ) ^P^i* Cartan subgroup matrix and where 

^q%,bN ~ (0 (bi' 1) element of the decomposition group associated to 0^2^ . Indeed, the 

semisimplicial form D^j^ f,^ is unimodular. 

Proposition 1.1.19 The eigenvalues X±{q%,b%) of k^^j;^{Z^^) ofUg^ (g) Ug^ are such that: 

1) X+{q%,b%) being equivalent to X-{q%,b%) is an algebraic Hecke character noted (pR^L in definition 
1.1.13. 

2) they are the coefficients of the elliptic sn^L-semimodule (Pr,l{sr,l) ■ 4'{^qR,L)q,b — ^±{q'n'^'n) • 

3) they allow to define the radius of the torus T^^ ^ by 

r{ql, b%) = iX+iq%, b%) - X-{q%, b%))/2 . 



Proof. The eigenvalues of k^]^{Z^^) are 

. .2 ,2 ^ _ (1 + + Qn) ± [(1 + b% + ql f - 4g^]^ 
A±(9jv>0jv) = ^ 

and verify 

ftrace(fcf ^i(ZpJ) = l + bl + ql, 
|det(A;g,^(Z;j) = X+{ql,b%) ■ X.iq%,b%) . 

Assume that there exists a global elliptic A/{XDi"(bi)semimodule 



where = e2'^'(p+'*)^ , included into a diagonal tensor product of weight two cusp forms fn (g)/) , 
then the coefficients 4'{sR^L))j.,b are given by 4>{sii^L))j.,b = ^±{iJ''n : bf^) according to definition 1.1.16. 

Notice that a diagonal tensor product, written (gjc , is a tensor product whose only diagonal terms 
with respect to a basis {e^,m^ ® c^^m^} are different from zero. 

Let iR®DiL be the (bi)isomorphism: 

in <^D ih ■■ <I)r{sr) (8)£> (I)l{sl) (I>r{sr) (g)£) 4>l{sl) 



where 



bR{sR) ®D = EE r{fJ-%, b%)q-^P+'^) ®d E E r{fJ,%, b%)qP+'^ , 



which maps the eigenvalues A±(/x^,6^) to 

r{A, b%) = (A+(m^, 6^) - X.{ii%,b%))/2 
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Then, (j)R{sji) (g)^) 4'l{sl,) decomposes into a sum of tensor products of irreducible (semi)tori Tj^i^^ 
localized respectively in the upper and in the lower half space, corresponding between themselves by pairs 
of same ranks and same values of 6jv and such that each pair of (semi)tori be characterized by a radius 

r(yLi|r,&^) and a center at the origin. Notice that the radius r(/z^,6|f) is the radius of ejection r{x^^^) 
considered in proposition 1.1.9. The isomorphism inx translates the centers of the tori from ccnt(/i^, b'j^) 
= (trace (Frob/Lt^))/2 to the origin. The result is that the eigenvalues X+{iJ,j^,bj^) and \-{iJ.%,b%) are 
equivalent. ■ 

Remeirks 1.1.20 1) A cuspidal automorphic representation of Eisenstein series has thus been given in 
terms of global elliptic ^-semimodules as developed in proposition 1.1.19: this constitutes a first step 
in the direction of Weil's conjectures suggesting a deep connection between the arithmetic of algebraic 
varieties defined over finite fields and the topology of algebraic varieties defined over C . 

2) It has thus been proved from the developments of 1.1.15 to 1.1.19 that the analytic representation of the 
right (rcsp. left) Eisenstein cohomology H* {dS Kt^^ , (^r l) is given by a global elliptic s^.L-semimodule 
noted ELLIPij^L(l, TO^) where " 1 " refers to the dimension: this constitutes a central challenge in the 
Langlands program as developed in [Piel]. The bilinear version of the Langlands program is only really 
relevant and will be introduced in 1.1.23. 

Proposition 1.1.21 Each left (resp. right) exponential Uy^ = e2'^*(p+A«)^ (resp. U^^ = ^-2-Kt(p+n)x j gjffig 
{^i,m^)-term 0(sL)^,6e2"(f+^)- (resp. ; of ELUP ^i,m^) (resp. 

ELLIP/{(1, /X, m^) ) constitutes a unitary irreducible representation Uy^ (resp. Uy^ ) as- 

sociated to the left (resp. right) place (resp. ) of the algebraic extension semifield (resp. L~ ) 

2 

with respect to the coset representative k^^^iZpJ of the tensor product T^^ (g) T^^^ of Hecke operators. 

So, each left (resp. right) {ji,m^)-term o/ ELLIPi(l, /i, m^) (resp. ELLIPij(l, /i, m^) ) forms an 
irreducible representation of (resp. ) inflated from the corresponding unitary irreducible rep- 

resentation Uy^ (resp. Uy^ ) by a value r(/Lt^,6^) which is the radius of the considered (semi)torus 
Tl, = • e2-(P+'')- (resp. T^^ = r{ii%,b%) ■ e-2-(P+'')- 

As the coset representatives kR^^{Z^pq) = a^2^ • D^2^ i,^ of tensor products of Hecke operators have a 
real meaning, we are constrained to work in the context of an Eisenstein (bi) cohomology as follows: 

Proposition 1.1.22 Let the product of the semigroups Kji{Zp^) x Kl{Z,p^) be given by K^^]^{^^) . 
Then, the Eisenstein bicohomology H"^^ ^{{83^ X{d) dSL))j^D r-g^ Y^]i®{D) ^i) decomposes under 
the decomposition group D^j^ f,^ into products of pairs of one- dimensional eigenspaces: 

HRx,o.L{{9SRX(^O^dSL)j^n (-^ )^0R'^iD)0L) 

where the sums 00 run over the cosets o/Gtjj(Ai{) y-(D) Gti^{^ l) / K^^^{^p^) having multiplicities 
m^'*' = sup(m^) . 
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Proof. This proposition reduced to the right or left case is clearly equivalent to proposition 1.1.14. 
The coefficient system given by the semisimple Lie algebra (bi)- cohomology H*{u^o ),^R 

Ft X Pq ' 

6\) decomposes into sum of products of pairs of one-dimensional sections (^^,6^ x ^/l.fe^) of ^/j ®{d) 
characterized by the (bi)weights A+(/i^, h\) x A_(/u|f, . ■ 

1.1.23 Langlands bilinear global program 

According to the developments from 1.1.15 to 1.1.20, the GL2{A]^t x A j;,t )-bisemimodule 
has an analytic development given by the global elliptic sr^d SL-bisemimodule 4>r{sr) ®d <Pl{sl) which 
is a product, right by left, of truncated Fourier series. 

As the GL2 ( A i_ X A )-bisemimodule Mr (g) Ml constitutes an irreducible representation Irr[^^ {Wl- x 
of the bilinear global Weil group W^'L xW^X [Pie9] and as the global elUptic bisemimodule (1)r{sr)iSid 
(t>L{sL) , also noted ELLIPfl(l, •, •) ELLIPi(l, •, •) , constitutes an irreducible cuspidal representation 
Irr ELLIP(GL2(A j;,T x A^t)) of GL2{A x Aj;,^) , we have on the Shimura bisemivariety dSj^o^^ , the 
Langlands irreducible global correspondence, i.e. the bijection: 

lTv\^\wf- X Wll) > IrrELLIP(C?L2(AiT x A^t)) 

according to [Pie9]. 

Let us recall that if we fix: 

Gal(L-/K) = ee(GalL;/i^) , 
Gs^\{L+/K) = ee(GalL+/i^) , 

the right (rcsp. left) global Weil group W^'^ (rcsp. W^^ ) is the Galois subgroup of Ga,\{L~ /K) (resp. 
Gal{L^ / K) ) of the extensions (resp. ) characterized by degrees: 

'IT'HR = {LJ1 ■■ K]=0 mod N = {p + /i) N . 
(resp. n^^ = [L+ : K] = Omod AT = {p + /j,) N ) . 

Definition 1.1.24 The notion of quantum on the time semisheaf of rings dR^it) can be introduced 
as follows: let Si^^^^ C • • • C SgB^^ be the set of sections of 9]^ ^{t) and ni < • • • < < • • • < be the 
corresponding set of ranks. According to the preceding developments, it corresponds to the section s^^^ 
a set of equivalent sections • • • , S/h,6k,i,} relative to the decomposition group Di^2 f, where all the 

^n,bR,L have the same rank . 

A section Sf^^iiRL has a rank n^^^ = (p + ^i) ■ N , following 1.1.6, where N is the order of the 
inertia subgroup (resp. ) having as representation space the T2 (-L:jji )-subscmimodule M^^ 

(resp. r2(L^i )-subsemimodule M^^ ) which was interpreted in 1.1.6 as a right (resp. left) quantum. 
Thus, the section Sfj,^bR,L is composed of (p + /i) right (resp. left) time quanta, noted M^{t)R^L , or 
M^, = AnRepsp(T2*'(X^^, )) where AnRepsp(T2*'(X^^, )) , denoting the analytic representation 

space of the algebraic subgroup T2*\l'^^, ) over the irreducible subcompletion L^^, , is a "class of 

germ" of continuous (differentiable) function over a big point centered on T^^ i^'^u,' ) • 
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Notice that the writing " s^^ ^ " wiU mean, in the following developments, cither a basic section s^^ ^ 
alone, i.e. for a value of 6 = , or a subset of equivalent sections {s^^^ i, > ' ' ' ' ^t^b^ } corresponding to 
all the ideals of the decomposition group -D^2 (, , the distinction between the two cases being in general 
evident. 



1.2 Generation of 4£>-semisheaves of rings by Eisenstein homology and (7t_,.rO 
E) morphism 

Definitions 1.2.1 (1. Galois antiautomorphism) From the right (resp. left) Galois automorphic 

group T^R^L = Aut/f , it is possible to define a Galois antiautomorphic group F*^^ = Aut/^LJ 
acting transitively on the left on the set of right (resp. left) prime ideals bf^ji ^ of the right (rcsp. left) 
specialization semiring B^h l ■ We thus have a descending chain of right (resp. left) specialization ideals: 

where (n^ — Pn) is a decreasing rank. 

(2. Reduced algebraic semigroups) Prom the right (resp. left) boundary of the compactified semispace 
d SKtR,L (see definition 1.1.7), it is possible to introduce the reduced compactified semispace: 

where 

a) i is a reduced algebraic semigroup, i.e. an algebraic semigroup submitted to Galois antiauto- 
morphisms, and having the following decomposition: 

GliAl) ^ T2{Al) = D,{Al) X UT,-\Al) 

where 

• A ^ is a reduced adele semiring given by A ^ = A = H 11 m ^ ^ — P ■> ^■^d coming 
from AL = nLlU (see 1.1.4 and 1.1.10); 

• [/T2"^(A2) is the inverse of UT2{A l) ■ 

b) L is a. reduced parabolic semisubgroup; 

c) K^j^ j^ is a reduced arithmetic semisubgroup of Gl^ j^ . 

Proposition 1.2.2 The right (resp. left) Eisenstein homology, defined from the action of a right (resp. 
left) Galois antiautom,orphic group, is associated to the generation of a right (resp. left) reduced semisheaf 
of rings O^j^ and decomposes into [PieS]: 

= H.{P:r,l \ Gk,L(A r,iMK},^l{^p,), 6%^) 
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Proof. This proposition is the homological version of proposition 1.1.12. ■ 

Definition 1.2.3 (Reduced algebraic Hecke characters) If A^ j^ denotes a reduced adele semiring, 
let 

be a sequence of decreasing weights. 

Then, ^ = {A*^ l- ' ' ' ■ -K^n L' ' ' ' ' KiR l) ^^"^ sequential set of decreasing weights in X{0*j^j^) 
referring to the q set of right (resp. left) sections of the right (resp. left) reduced semishcaf of rings 0*^^ . 

Let = {• • • ) '^^R,L' • • • } be the set of right (resp. left) inverse actions of the Weyl groups on A^ • 
Then, ^ = a;|j l ' l ^^^^ denote the set of right (resp. left) reduced algebraic Hecke characters on 

^R,L ■ 



Definitions 1.2.4 (1. Every smooth endomorphism) E[Gfj,B.,L\ of the algebraic semigroup G^r^l , 
representing the Galois subgroup F^/j./^ = 
nonconnected algebraic semigroups [Pie3]: 



representing the Galois subgroup F^t^^l = Aut^XJ , can decompose into the direct sum of the two 



a) the reduced algebraic semigroup G*^f^ j^ , submitted to the Galois antiautomorphic subgroup F*^ = 
Aut^i^J ; 

b) the complementary algebraic semigroup , submitted to the complementary Galois automorphic 
subgroup r^jj j_ = Aut^^ , such that Gj^j^ j^ be a semisubgroup of G^r^l ■ 



We then have 



G^R,L — G*^R,L ® ^^^fl,L • 



Recall that the semisubgroup K^r^l C G^r^l can be defined following [Harl]: 

K^R,j^ = SO{m,Ll^)-Zl^^^{Ll^). 

The nonconnectivity of G* ^ and ^ is a necessary condition to avoid triviality if the groups 
SO{m, Lj^"^)* G K*j^ ^ and SO{m, Lj^"^)^ G Kj^j^ ^ had the same Witt index and the same order " m ". 

(2. The complementary Galois automorphic group) F^^ ^ — Aut^ can be defined by its tran- 
sitive right action on the set of prime ideals fe^^j^ of the complementary specialization semiring -B^/j 
leading to an ascending chain of complementary specialization ideals 6^^^ ^ C • • • C 6^ ^ ^ ^ such that the 

maximal rank be equal to the integer when the decreasing rank is (n^ — p^) (see definition 1.2.1). 

(3. Complementary Eisenstein cohomology) From the compactified complementary semispace 
Sx'^ ^ ; we define its boundary by 

The right (resp. left) complementary Eisenstein cohomology can then be introduced: 

H*j{dSj,.^^^,e]^ j = i?;(p/«,i \ G,^«,jA^,j/if4jZpj,^)^,^) . 

It is associated to the generation of a right (resp. left) complementary semisheaf of rings 9]^ ^ . 
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Definition 1.2.5 Let 7t^r bo the emergent morphism, introduced in [Pie3] and mapping tiie com- 
plementary semisheaf of rings 9]^ ^ (t) from the complementary semispace d Sj^i^ ^ (t) into its orthogonal 

complementary semispace d S^i^ ^ (r) where r = {x, y, z} is the triple of spatial variables: 

Proposition 1.2.6 Let dJlj^{t) be the reduced semisheaf of rings generated under the smooth endomor- 
phism E by the right (resp. left) Eisenstein homology. Then, the morphism {'~it^r o E) transforms the 
semisheaf of rings 6]^ ^ (t) into: 

^t^roE: dSKn.At) ^ dSK'^Jt)(BdS^.^Jr), 

such that each section s*^jj^ j^ ® */,.r,i, € ^r,l (*) ® T;\t)R,L e Tl{r)R,L , called a right (resp. 

left) elementon of space-time and noted T^~^{t,r)R^L , where T*^{t)R^L is a set of ID -tori andTj^{r)R^L 
is also a set of ID -tori. 

Proof. 

a) The complementary semisheaf of rings ^ (r) is three-dimensional because the groups S0{2p, L'^^) G 
^R L ^^"i S0{2p -|- 1, L^T) e Kj^^ must have the same Witt index p = 1 in order that the endo- 
morphism E be smooth [Pie3] but their order " m " may be different: consequently, m = 2 for K'^ ^ 
and m' = 3 for -ft"^"^ [Bum]. 

b) The fact that the section s/^„ is a set of l£)-tori results from: 

• the morphism 7t_>r- o E where 7t_>r- corresponds to the projective map : 

GL2{Ar X Al) , P GL2{Ar X Al) ^ GL3{Ar X Al) 

as developed by S. Gelbart [Gel2]; 

• the decomposition (or degeneration) of the representation space Repsp(GL3(A /j x A^)) into 
one-dimensional components. ■ 

Definition 1.2.7 (The quantum of space) Assume that the section T}^{r)R,L G ^/j? £,('') ' generated 
under the (7t^r o -E)-morphism from the lI?-scction T^{t) composed in fact of a set of equivalent 
sections {T^}^ under the decomposition group D^2 fj , is partitioned into corresponding 1_D- fibers, 
having each one a rank = {p + jj) ■ N . Then, each ID equivalent section T}^ ^ {'>')r,l has Hp = {p + ji) 
spatial quanta, noted Mj^{r)R^L , which are functions on subsemimodules of rank A'' . And the section 
Tj^ {r)R^L = {^/^j ) ■ ■ ■ ) ^ } counts m^(p -|- /u) space quanta. 

Corollary 1.2.8 There exists an inverse morphism {jr-^t ° E') transforming gradually and sequentially 
the 3D -complementary semisheaf of rings ^ (r) into the ID-semisheaf of rings 0]^ j^{t) . 
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Proof. Let n and {n — p) be the set of q graded ranks referring to the q sections respectively of 9]^ ^{t) 
and 0*il^{t) according to corollary 1.1.10. 

(Note that the proof is valid for the right and left cases but the indices R, L will be dropped for facility). 

Then the morphism (7r->t o E') is such that 

a) E' : 9^j{r)p 9}^{r)p-p' © ^f(/)(^)p' where ^f(j)(r")/ is the complementary semisheaf of 6j^{r)p-p' 
obtained under the smooth endomorphism E' . 

b) 7r^t : ^7(7) ~* ^^{t)p' where jr^t maps 9^(^j^{r)p' , ideal by ideal, into its ID-time orthogonal 
complementary space giving rise to 0^(t)pi . 

c) (7.^t o E') : e*\t)n-p © e]{t)p ^ ri(<)„-(p-p') + Wc^-po . 

If p' = p , then under (7r— >t o E') , 9j{r)p has been totally transformed into 0^{t)pi . ■ 

Definition 1.2.9 (Algebraic Hecke parameters) Let 4't{n-p)R l ^"^^ ^^"^ of algebraic Hecke char- 
acters referring to the generation of the reduced semisheaf of rings 0*^^ ]^{t) by Eisenstein homology and 
let <Ar;pR,i, bet the set of algebraic Hecke characters referring to the generation of the complementary 
semisheaf of rings 9^^ ^ (r) by Eisenstein cohomology. 

We then have the following equality between these two sets of algebraic Hecke characters: 

where Ct^r{p)R,L = {ci{pi)r,l, ■ ■ ■ ,Cq{Pq)R,L} is a set of parameters referring to the q sections of the 
semisheaf of rings 9j^ ^ (r) and depending on the set of sequential ranks " p " . 

Ct^r{p)R,L can be considered as an algebraic measure giving the ratio of the generation of the comple- 
mentary semisheaf of rings ^ (r) with respect to the reduced semisheaf of rings 9*^ ^{t) . 

Consequently, Ct^r{p) is the most closed to the unity when [n — p) = p . 

Proposition 1.2.10 Each right and left AD-elementon of space-time {T*^{t)R^L ® Tj^{r)R^L) € 
^RL^^) ® ^^Ir S^) 7 1 < M < 9 , composed of elementary subtori T^~^{t,r)B,,L , characterized by a 
rank 2N, which are sums of a time and of a space quantum. 

Proof. (The indices R, L will be dropped in this proof). Let (n^ — Pp.) be the rank of the section T*^{t) 
and let be the rank of the section T/^ (r) , taking into account that the complementary section Tj^ (r) 
is generated from (t) by the morphism {-ft^r ° E) . 

Considering the algebraic generation of it) under the action of the Galois automorphic group = 
Aut/f Lp, and envisaging the (7*— >r o E) morphism, we then have that the elementary time prime ideal 
T^{t) e T*'^{t) has a rank N and the elementary space prime ideal T^(r) G T}^{r) is characterized by a 
rank N . ■ 

Corollary 1.2.11 Consider the morphism: 

-it^r o E : T^-i(t, r)R^L ^ , V p , 1 < p < g , 

such that the reduced section T*^{t)B,,L of the semisheaf of rings 9'^i^{t) be completely transformed into 
the complementary space section T^{r)B,,L ■ Then, every elementary subtorus T^{r)B,,L € T^{r)R^L is also 
characterized by a rank N . 
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Proof. This is obvious by taking into account the proposition 1.2.10. ■ 
1.2.12 Space-time structure of semiparticles 

1) The mathematical and physical reasons given in the introduction and in the following developments 
lead us to admit that elementary particles must be composed of two symmetric objects, called a right and 
a left semiparticle. The basic "algebraic" space-time structure of a right and a left semiparticle (or, more 
exactly, of a right and a left semilepton, or semiquark, as it will be developed in section 4) will be assumed 
to be respectively a right and a left sequential semishcaf of rings {Ofl i^it) ® ^ (r)) of which ^ (r) can 
be regarded as the algebraic representation of a space physical wave packet. 

The right and left ID-semisheaves or rings Oflit) and 9l^{t) must be viewed as the basic time structure 
of the right and left semiparticles while the right and left 3Z)-semisheaves of rings (r) and (r) must 
be regarded as the basic space structure of the respective semiparticles. 

2) Indeed, the fact of endowing elementary (semi)particles with an internal space-time structure from 
which the "mass" shell could be generated results from an attempt of the author [Piel] to bridge the gap 
between general relativity and quantum field theory. The problem is that general relativity is a "classical" 
theory describing the mutual interaction between the geometry of space-time and the matter without 
explaining how matter could be generated. Now, quantum field theory asserts precisely that matter must 
be created from the vacuum to which the cosmological constant of the general relativity equations could 
correspond if it was associated to it an expanding space-time which could then constitute the fundamental 
structure of the vacuum of QFT. On the basis of these considerations, I have developed, in an unpublished 
preprint [Piel], equations in differential geometry rather close by the equations of general relativity but 
referring to the quantum structure of bisemiparticles such that their most internal structures, which are 
space-time structures, be the fundamental structures of their own vacua from which their matter shells 
could be generated due to the fluctuations of these internal vacua. So, the vacuum of QFT becomes peopled 
to masslcss (bisemi)particles being potentially able to generate their mass shells due to the fluctuations of 
these (bisemi)particle internal vacua. 

3) To the internal "space" structure of an elementary semiparticle then corresponds its linear momentum 

p on its "mass" shell; and, to the internal "time" structure of a semiparticle would corresponds its rest 
mass mo . The fact of considering the internal time of a semiparticle as corresponding to a topological 
structure can be justified by the annihilation of a pair of leptons into (pair(s)) of photons and by 2) of 
1.2.10. 

4) The internal space structure of a semiparticle is thus given by the semisheaf of rings ^ (r) on a T3(A l) 
(resp. T3(A/{)-semimodule m|^^ (resp. m'^^ ) restricted to the upper (resp. lower) half space. Indeed, 
following the Langlands program briefly developed in 1.1.22, ^ (r) has an analytic representation given 
by the global elliptic semimodule ELLIPh,l(1, q, b) which corresponds to an eigenfunction of the spectral 
representation of an operator Tr ^ (see chapter 3) on the space structure. On the other hand, each term 
'^(■''/ij? i );j.he='=^'^*'^''+^^^ G ELLIP7jx(li b) will be interpreted as the "space" structure of a semiphoton at 
{p + A*) quanta, giving then a (semi) photonic spatial structure to the semiparticle. 

5) If we consider the space structure of a right (resp. left) semiparticle as given by the three-dimensional 
semisheaf of rings 9^^ ^ (r) , then this semiparticle will be interpreted as having a wave (packet) aspect. 
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But, we have seen in proposition 1.2.6 that we can consider the projective map: Pg3^2 ■ '^ai^ r) ^ T2{A 
(resp. r3(Ai) T2(A ) to which corresponds the projective map: ^613^2 ■ ^Iji ^ (^) ~^ l (^) "I'lPPing 
the three-dimensional semisheaf of rings 6^^ ^ (r) into its two-dimensional analogue 6^^ ^ (r) , giving then 
to the space structure of a right (resp. left) semiparticle a "particle" aspect. 

We can then formulate the first axiom referring to the generation of the "wave" space-time structure 
of elementary right and left semiparticles. 

Axiom I 1.2.13 The basic space-time structure of elementary right and left semiparticles is of algebraic 
nature. 

Proof. Indeed, the space-time structure of elementary right and left semiparticles is asstuned to be given 
by 4Z)-space-time right and left sequential semisheaves of rings {O'^i^ {t) ® 9^^ ^ (r)) whose q sets of sections 
are " 4_D "-elementons T^~^{t,r)ii,L generated from ID-symmetric splitting semifield(s) by Eisenstein 
cohomology and homology and by the morphism {jt^r o E) . ■ 

1.3 Algebraic representation of bisemipctrticles by bilinecir Hilbert schemes 

Definition 1.3.1 (Tensor product of semisheaves of rings) The right and left semisheaves of rings 
{^*R ® ^'ir S''')) ^'''^ defined respectively on a G'/j(A/f)-right semimodule, noted Mf^^ , and on a 
Gi(A i)-left semimodule, noted . The Gij(A/{)-right semimodule and the Gl(A L)-left semi- 

module represent the basic internal space-time structures of the right and left semiparticles (es- 

sentially leptons) which act conjointly in order to form a bisemiparticle localized inside a 4£>-openball 
centered on the emergence point. As the Gi^^i (A /i.i)-right (resp. left) semimodule M^"^ is also a unitary 
right (resp. left) A /j_i-semimodule, it is an A /j L-right (resp. left) semialgebra M^-^ . By construction, 
is the opposite semialgebra of Mf^ . So, the tensor product M^^^Arxa^ -Mf^ will be the envelop- 
ing semialgebra of and will be assumed to constitute the space-time structure of a bisemiparticle. 
(Ml"^ O Mf^) wiU be written for (M|^ OarxAz, Aff^) . 

The space-time structure of a bisemiparticle will thus be given by the tensor product {M§^ ® M^^) 
of Mf^ and Mf^ such that the right semimodule M^'^ be fiat on the left semimodule Mf^ , i.e. that for 
every left semimodule M ^'^ and for every injective homomorphism v : M^'^ M^"^ , the homomorphism 
O V ■■ Ml^ (g) M'j^'^ (g) Mf^ is injective [Boul]. 

If the right and left semisheaves of rings and Mf-^ are defined respectively on the right and left 
semispaces Mf^ and iW^f ^ , we then get a right and a left ringed semispace (M^^, M§^) and (Aff^, M^'^) . 

Similarly, we can define the tensor product between the right and left ringed semispaces: 

® : {(M|^, M|^), (Mr, MD} ^ (M|^ x Mf^, ® mD 

where (g) M^^ represents the space-time structure of a bisemiparticle. 

As M^^ and M^'^ are semisimple, then (M^ (g) M^'^) is also semisimple according to C. Chevalley 
[Che2] and J.P. Serre [Ser5], [Ser6]. 

The tensor product (M^ g) M^^) , called a bisemimodule, is characterized by a 10-dimensional 
noneuclidean geometry, reflecting its degree of compactness and of instability. Consequently, a blowing-up 
morphism will be considered in the following proposition. 
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Proposition 1.3.2 There exists a blowing-up isomorphism 

transforming the bisemimodule {M§^ ^l^) of dimension 10 (lepton case) into a set of disconnected 
bisemimodules which are: 

a) the diagonal bisemimodule {M§^ 0£) M^"^) of dimension 4 characterized by a diagonal orthogonal 
AD -basis {e« O /a}Lo , V e« e Ml"^ and /„ e Mf^ ; 

b) the magnetic bisemimodule {M^^^agn^i) characterized by a 3D-nonorthogonal basis (e"0//3)^^^^;^ , 
where M^ ,^ = ej^ Jr) ; 

c) the electric bisemimodule (M^ ®eiec -^J) or (M^ 0e;ec -^i) characterized respectively by a 3D- 
nonorthogonal basis (e" (g) /o)a=i or {e^ (g) /a)a=i where M'^ = 6*^j^{t) . 



Proof. The blowing-up isomorphism can be understood algebraically by considering that right and left 
quanta are taken away respectively from the right and left semimodulcs and A'/£"^ by the smooth 

endomorphism E , recalled [PieS] in definition 1.2 A, in such a way that the complete bisemimodule 
{M§^ ® MI'^) be transformed into the diagonal bisemimodule {M^^ 0d Mf^^) . Consequently, the 
disconnected right and left quanta will generate two off-diagonal bisemimodules having a magnetic and 
an electrical metric to keep a trace of the off-diagonal metric of {Mf^ ® Mf'^) (sec also 4.3.4 and 4.3.5). 
The magnetic metric is given by = (e", fp)a^fj^i and the electric metric is given by gQ = (e", /o)a=i 
or 3° = (e°, fa)a=i where (•, •) is a scalar product. ■ 



Definition 1.3.3 (Diagonal tensor product) Let the right ringed semispace (M^^, M§^) of the right 
semiparticle define locally the affine right semischeme Sf^" and the left ringed semispace (Mf^,M£^) of 
the left semiparticle define locally the affine left semischeme Sf^ [Hart]. 

Let [S^ ®D Sf^) be the diagonal tensor product between the right and left semischemes Sf^^ and 
Sf^ characterized by a diagonal metric. 

Consider the projective morphisms pl and pn ■ 



PL 
PR 



5d Sf'^ 



aST 

'^fi(P)/L 
qST 

'^L{P)/R 



such that: 



a) the right semischeme Sfi" be projected under pl on the left semischeme SfJ giving rise to the 
bisemischeme Sf^pyj^ ; 

b) the left semischeme 5f be projected under p^ on the right semischeme Sf^ giving rise to the 
bisemischeme SfJ'pyj^ . 



Proposition 1.3.4 The diagonal tensor product S^pyj^ of the right and left semischemes Sj^ and Sf^ 
such that Sp^ is projected on S'f"^ is a covariant functor of Sf^ representable by the bilinear Hilbert 
scheme Hilhgsr^^/gST where S^ps^ is dual of SfJ' . 



32 



Proof. Let S^p-^ be a projective scheme on Sf^^ [G-Rl]. 

Let c be the category of locally noetherian S'f-^ preschemes. If T^"^ G obj(c) , consider SrpST = 
'^R(P) -^i^ -^(^L^) be the set of closed subpreschemes of Sj'St which are flat on : it is a 

covariant functor of Tf^ representable by the Hilbert scheme Hilb^sj^^/gsr [Grol], [Gro2], [Got]. 

There is bilinearity on HilbgST /gsr with linearity on the left scmischcmc and antilinearity on 
the right semischeme S^ps^ if we take into account that the associated right and left ringed scmispaccs 

are defined respectively on the lower half space and on the upper 

half space M|"^ . 

The projective right semischeme Sf^p-^ is flat on 5f ^ . Furthermore, the right semischeme Sf^ps^ is 
dual of the left semischeme Sf^ . ■ 

Corollary 1.3.5 The Hilbert scheme HilbgST ^gST is endowed with a diagonal metric g^ of type (1,1) 
[Pie4]. 



Proof. Indeed, the components g^ = (e",/^) of the metric tensor at each point of Hilb^sT igST are 



R(P) 



external scalar products with respect to the basis vectors {(e")*}^^o ^ ^r[p) ^^'^ {/a}a=o ^ "^f • ■ 

Proposition 1.3.6 // we consider a bijective linear isometric map Bl ■ S^p-^ mapping each 

covariant element of Sf^^p-^ into the corresponding contravariant element of Sf^ , then the Hilbert scheme 
HilbgST^ /gST is transformed into the internal Hilbert scheme Hilb^srygsr characterized by a diagonal 
metric gaa of type (0, 2) . 



Proof. Indeed, under the Bl map, the covariant basis vectors {(e")*}^=o are transformed into the 
contravariant basis vectors {{ea)*}a=o ^■'^d the components g^ of the metric tensor then become internal 
scalar products gaa = (ca, fa) ■ ■ 

Corollary 1.3.7 The diagonal bisemischeme SfJ^py^ is a covariant functor of representable by the 
bilinear Hilbert scheme HilbgST^^/gST endowed with a metric g^ of type (1, 1) . 

Corollary 1.3.8 By the bijective linear isometric map Br : Sfjp-^ Sp^ , the Hilbert scheme Hilb^sT ^/gST 
is transformed into the internal Hilbert scheme Hilb^sT /sgr characterized by a metric of type (2, 0) . 

The presentation of bilinear Hilbert schemes leads us to formulate the 

Axiom II 1.3.9 Nature is composed of bisemiparticles whose fundamental diagonal space-time structure 
is given locally by bilinear diagonal Hilbert schemes. This axiom is a multiplicative axiom [Ati4]. 
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Proof. Due to the fact that the right semischcnic S*^ of the right semiparticle is topologically very 
close to the left semischeme Sf^ of the left semiparticle such that these two semischemes S^^ and S'f^ 
be localized in the same openball centered on the emergence point, only the left semischeme of the left 
semiparticle will be commonly observable in the frame of bilinear Hilbcrt schemes with the right semischeme 
of the right semiparticle generally unobscrvablc because it is projected on the left semischeme of the left 
semiparticle: this corresponds to the existence of the bilinear Hilbert scheme HilbgST^^^gST . ■ 

Remeirk 1.3.10 (Twin bisemiparticles) But, there also exists a bilinear Hilbert scheme Hilb ^sT^ /gST , 
as introduced in corollary 1.3.8, and resulting from the projective morphism pji (given in definition 1.3.3) 

which maps the left semischeme on the right semischeme . 

Thus, next to the common world in which we live and described by the bilinear Hilbcrt scheme Hilb qst iost 
at the level of bisemiparticles, there is also the possibility of the existence of a twin world described by 
the bilinear Hilbert scheme Hilb gST ^ j gsr at the level of "twin bisemiparticles" . 



1.4 Fundamental algebraic space-time structure of semileptons, semibaryons 
and semiphotons 

In sections 1 and 2, the basic algebraic space-time structure of the right and left semiparticles was assumed 
to be given by right and left semisheaves of rings [0]^ ^{t) © 9^j^ ^ (r)) generated by Eisenstein cohomology 
and by the (7t->r o E) morphism. However, as it was noticed in 1.2.12, this basic space-time structure 
corresponds essentially to the algebraic space-time structure of the semilepton of the first family, i.e. the 
semielectron. 

It will be seen in the first part of this section how the algebraic time structure of the semiquarks can 
be generated from the central algebraic time structure of a semibaryon. 

Definition 1.4.1 (Smooth endomorphism Et) 1. Instead of considering as in definitions 1.2.4 a 
smooth endomorphism E[Ghr^l\ of the algebraic semigroup Gur^l decomposing it into the direct sum 
of two nonconnected algebraic semigroups, wo can envisage the following smooth endomorphism [PieS]: 
Et[G^ji,i\ = ^*{c) R L® ^\c) R L '^^ ^'^IS'^braic semigroup G^r l decomposing it into the two connected 
algebraic semigroups G^.n and GL, where GT is the reduced algebraic semigroup, submitted 
to a Galois antiautomorphic subgroup, and where G^^^ r l complementary algebraic semigroup 

resulting from a Galois automorphic subgroup. 

The smooth endomorphism Et is such that the subgroups SO{mi, Lj^"^) G *- ^(c) rl 

SO{m2, LJ^^) £ K^^j^j^ C G|^,-) must have the same rank but different orders, i.e. that mi = 2t and 
7712 = 2t + 1 ,t being an odd integer taking the value t = 1 here. 

2. Let 0\i]^{t) be the semisheaf of rings generated by Eisenstein cohomology on the boundary of the 
Borel-Serrc compactification d Skir l = PtR..L \ Gib.l/ Km.L ■ 

Then, the smooth endomorphism Et applied to the semisheaf 0ji^]^{t) gives the following decomposition: 

Et[0]i,Lm = ^rA*) ® ^fH,.(*l'*2,t3) 

where 6*1^ ^(^1,^2,^3) is a 3£>-complementary semisheaf of rings connected to the reduced semisheaf of 
rings 6l^^i'(t) . 
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Lemma 1.4.2 The 3D -complementary semisheaf of rings 6*1^ ^ (ii, i2) ^3) can only be expressed as the 
direct sum of 3 connected ID-time semisheaves of rings 

olJh,t2,ts) = e]^jt,)(Beljt,)(B0lJts) . 

Proof. Indeed, according to definition 1.4.1, the complementary semisheaf of rings 

^/r i (^1' ^3) generated from 0*^ ^{t) by the smooth endomorphism must be three dimensional. But, 

considering that: 

a) 9^^ ^ {ti,t2, ts) is defined on a ID semispace d Skr^l (^) 7 

b) 0^^ ^{ti,t2,t3) is localized in the orthogonal complement space of the Si^-space [Sco] on which 
semisheaves 9^^ ^{ri) are defined and generated by the jLi^n morphisms, 

the semisheaf 9^^ ^ (^1,^2,^3) can only be composed of three orthogonal 1£)- semisheaves of rings 9]^ ^ {ti) , 
1 < i < 3 (see also [Pie9], section 4.1). 

Consequently, 9\^^{ti) is a lZ?-time semisheaf whose sections are given by ID-tori ^^^^^(ii) • ■ 

Proposition 1.4.3 The algebraic time structure of a semibaryon is given by 

0l%t) = 9%^{t,)®9]^^{t,) 
1=1 

where 9*^j^{tc) is its core time structure and where 6}^^{ti) is the time structure of a semiquark. 

Proof. The semisheaf or rings 9^'^l{t) results directly from definition 1.4.1 and lemma 1.4.2 such that 
the reduced semisheaf or rings 9*j^ ^{tc) is connected to the complementary semisheaves 9^j^ • 

The interpretation of 9^j^{t) as the time structure of a semibaryon is justified by the "bag" model of 
the baryons [C- J- J-T-W] and the confinement of the three quarks [Bjo] , [C-R] . ■ 

Proposition 1.4.4 The algebraic space-time structure of a semibaryon is generated from 9^j^{t) by "fti^n 
morphisms following: 

lU^r,oEr.9l%t)-^9l%t,r) 

where 9^}^{t,r) is given by 

0l%t,r)=9*^^^{t,)®9]^^l{turi). 

i=l 

Proof. 

a) The morphism (7t^r ° E) does not apply on 9'^j^{tc) because it is a reduced semisheaf of rings 

3 

resulting from the smooth endomorphism Et on which 9] {ti)q, are connected. 

b) The space structure of the three semiquarks is generated by considering the {-yti^n ° Ei) morphisms 

7i,^,, o Ei : ej^ ^ {ti)g, ^ 9}l^ {ti)g, e 9j^ ^ (rO«. V i , 1 < i < 3 . 
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Definition 1.4.5 (Constant of the strong interaction) Let ub denote the set of qb ranks of the qb 
sections of 9]^ ^{tc) and let {riB — Pb) be the set of decreasing ranks of 0]^^{tc) ■ 

Then, (K .<„ „ \ will be the set of algebraic Hecke characters related to the generation of the 
reduced semisheaf or rings 0*j^ j^{tc) by Eisenstein homology and </>[*!, t2,t3];pB^ ^ will be the set of algebraic 
Hecke characters related to the generation of the complementary semisheaf or rings Oj^ ^{ti,t2,t3) = 

3 

&jf^j^{ti)qi by Eisenstein cohomology. 

i=3 

As introduced in definition 1.2.9, there is the following equality between these two sets of algebraic 
Heche characters: 

^to;{nB—pB)R,L 

— G'(pB)f„^[ti,t2,f3]0[fi,f2,t3];PB„ i 

where 

G(pB)t,^[u,t2.t3] = {Gi{pbi),--- ,G^{pb,X--- ^Gq^ipBj} 
is the set of qb parameters measuring the generation of the complementary semisheaf 9^^ (^1,^2, is) from 

Proposition 1.4.6 The parameter {G{pB)tc^[ti t2 ts]) = S Gfi{pB^) must correspond to the strong con- 
stant of the strong interaction. 

Proof. Indeed, G{pB)tc^[ti,t2,t3] measures the generation of the time structure of the three semiquarks 
9^^ ^{ti,t2,t3) from the core time structure 9Jlj^{tc) of the envisaged semibaryon. 

If {riB — Pb) , then <l^tc-{nB-pB) ~^ ^ ^^'^ ^® have asymptotic freedom [G-W], [Pol], [Weinl], 

3 

corresponding to the fact that the semiquarks become free since 6j^^{ti) are no more connected to 

1=1 

^rA^c) : this is reflected by {G{pB)t,^[t,,t2M) ^ ^ • 

On the other hand, if </'[ti,t2,t3]pBR j;, small, then {G{pB)tc^[ti,t2,t3^ will take high values. ■ 

Definition 1.4.7 (Algebraic Hecke characters) Consider the morphism 

{lt^roE):9j,^^{t)^9*j,\it)®6',^Jr) 

transforming sequentially and gradually the ID-time semisheaf of rings ^(t) into the 3£)-spatial sem- 
isheaf of rings 9j^ ^{r) . Let (n — p)r,l be the set of ranks of the semisheaf 9^i^{t) and <^(.(„_p)^ ^ the 
corresponding set of algebraic Hecke characters. 

Similarly, let pj^x be the set of ranks of the semisheaf 9\ j^(r) and 4'r;pR^L tbe corresponding set of 
algebraic Hecke characters. 

li {n — p)b,,l ^ ^ , then we have that 

^t^ro E:9],^^{t)^9]^^^{r)p 
which means that the semisheaf 9\^ j^{t) has been nearly transformed into the 3Z)-spatial semisheaf 

Let 4>t-(n-p)HL ~ '^t^rip)4'r;pH,L be the equality between the corresponding sets of algebraic Hecke 
characters. Then, 

Ct"i^(p) = {cr^(pi),--- ,c~\p^,),■■■ ,c-\pg)} 
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is the set of q inverse parameters measuring the generation of the semisheaf 0^ l{''')p from the semisheaf 
Kdi) ■ 

Proposition 1.4.8 // (n — p)r,l — * , then 

-1 « _ ^ 

1. the average parameter (cj^^(p))max = I \ /(I is proportional to the velocity of the light 

"c ". 

2. the semisheaf of rings resulting from the morphism: 

gives the structure of a set of right (resp. left) semiphotons. 

Proof. If (n — p)n,L , the ID-time structure 6]^ i^{t) has been nearly completely transformed into 
the 3-D-spatial structure (^'^^^{t)p '■, consequently, {cjl,j.{p))-max , giving a measure of the ratio of the 
spatial structure with respect to the time structure, must be proportional to the velocity of the light: 
indeed, as the proper time of the semiphotons tends to zero, their space(-time) structure is crudely given 

Definition 1.4.9 (A right (resp. left) semiphoton) Considering that a photon with momcntmn k 
corresponds to a plane wave and that to each normal mode k is associated {p + /i)^ quanta, wc shall 
assume that the internal (vacuum) space structure of a right(resp. left) semiphoton with momentum 
p = hk will be described by a spatial section T^j^{rk) (which is a ID-real torus according to definition 
1.2.7) having (p -|- /x) quanta of momenta kr and composed of {p + IJ,) ■ N prime ideals corresponding to 
{p + fx) ■ N Galois automorphisms. 

Then, k = (p + /i)fc^ and p = hg^ k = (p + p)hsx k^ , where the equivalent of the Planck constant hsT 
corresponds to the integer N in the internal (vacuum) space time unit system (see proposition 2.2.13). 



Definition 1.4.10 The (vacuum) space-time structure of elementary right and left semiparticles is 
assumed to be given at the fundamental level by: 

1. the number of sections of the space-time semisheaf of rings representing their structure; 

2. the set of ranks of these sections and especially the set of parameters ct^r{p)R.L (see definition 1.2.9) 

measuring the generation of the complementary space semisheaf of rings ^ (r) with respect to the 
reduced time semisheaf of rings 0'^^{t) . 

More precisely, the fundamental algebraic structure of: 
a) semileptons will be characterized by: 

1. ge sections with gt G JV"^ ( i for leptons); 
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2. a set of gi ranks ni referring to these sections in such a way that the set of ranks (n^ — pt) 
refers to the reduced ID-time semisheaf of rings 0*^1 ^^{t)^ and refers to the complementary 
3D semisheaf of rings 6^^ ^ {r)e . Then, the set of parameters 

Ct^r{Pt)R,L = 'th;(ne-pe)R,L I ^r;(pt)R,L 

gives a measure of the generation of dj^^{r)£ with respect to 0*jij^{t)e, . 

b) semibaryons will be characterized by: 

1. qb sections; 

2. a set of qs ranks ub ; 

3. a set of qb parameters G{pb)l, ^[1^,12.13] i as introduced in definition 1.4.5 and measuring the 
generation of the three complementary l_D-timc scmishcaves of rings ^ {U)qi from the reduced 
l£)-timc semisheaf of rings 0*^1 j^{tc) of the baryonic core. 

Parallcly, we have a set of qb ranks [ub—Pb) referring to 0*^ ^{tc) and a set of qs complementary 

3 

ranks pB referring to 0}^^^{ti)q. . 

4. three sets of QBi parameters Ct-tr{pqi) , 1 < * < 3 , referring to the generation of the 3£'-spatial 

semisheaves of rings of the three semiquarks ^ from ^ {U)qi ■ 

Proposition 1.4.11 The sets of parameters Ct^r{pe) of semileptons and ct^riPqt) of the semiquarks are 
obstruction parameters with respect to the stability of these semiparticles. 



Proof. Indeed, these sets of parameters fix the space structures of these semiparticles with respect 
to their time structures according to definition 1.4.10, preventing their annihilation, i.e. the complete 
transformation of their time semisheaves of rings in their complementary 3D-space semisheaves of rings 
by the morphisms (7t->r o E) . ■ 

Lemma 1.4.12 The number of geometric points of all right (resp. left) time quanta M^^{t)R^L of rank N 
is equal. 

Proof. The sections of the l£)-time semisheaves of rings Oj^ {t) are generated by Eisenstein cohomology 
from symmetric splitting semifields having the same number of simple roots according to definitions 1.1.2 
and 1.1.4. Consequently, all the sections s^ji,l G 6]^ j^{t) , generated from the specialization ideals p^r.l 
(see definition 1.1.3), are composed of functions on right (resp. left) time quanta having the same number 
of geometric points [L-N] . ■ 

This is true for semileptons. But, if we take into account the following proposition, it is also verified 
for semibaryons whose time structure originates from symmetric splitting subsemifields whose number 
is greater than for semileptons because the baryon masses are bigger than the lepton masses in a given 
family of elementary particles. 
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Proposition 1.4.13 The right (resp. left) time quantum of a semiquark is a right (resp. left) time 
quantum of the baryonic core time quantum. 

Proof. Indeed, the smooth endomorphism Ef , transforming the baryonic core ID-time semisheaf of rings 
z,(*c) into the three complementary If-time semisheaves of rings ^{U)gi of the three semiquarks, 

acts on Oji j;^{tc) prime ideal by prime ideal through the action of the Galois antiautomorphic group. 

Consequently, the number of geometric points of a time quantum of the baryonic core is equal to the 

number of the geometric points of a time complementary quantum of a semiquark. ■ 

Proposition 1.4.14 The number of geometric points of all right (resp. left) space quanta Mj^{r)ii^L is 
equal. 

Proof. As by lemma 1.4.12, the number of geometric points of all time quanta Mj^{t)R,L is equal and 
as the space quanta are generated from the corresponding time quanta by the morphism (7t^r ° E) , we 
reach the thesis. ■ 

Proposition 1.4.15 The number of geometric points of a space quantum of a semiquark is equal to the 
number of geometric points of a time quantum. 

Proof. By lemma 1.4.12 and proposition 1.4.13, we know that the number of geometric points of a time 
quantum of the baryonic core is equal to the number of the geometric points of a time quantum of a 
semiquark. Considering on the one hand the three (7t._»ri ° Ei) morphisms responsible for the generation 
of the space structure Oj^^{ri)q^ of the three semiquarks according to proposition 1.4.4 and on the other 
hand the (7t^r ° E) morphism responsible for the generation of the space semisheaf of rings 9^^ ^ (r)^ of 
a semilepton, for example, we get the thesis since all time quanta have the same number of geometric 
points. ■ 

1.4.16 The quantification rules of the space-time structure of semiparticles can then be envisaged 
by considering that: 

a) the time structure 6\j L{t)i^ of a semilepton £i can lose time quanta by the action of the smooth 
endomorphism E according to definition 1.2.4; 

E:0),^j^{t),,^6*jl^{t),,®Ml{t)R,L 

k=l 

where Ml{t)ii,L are disconnected time quanta (functions) of rank N . 

These free right (resp. left) time quanta (functions) can then join the right (resp. left) time semisheaf 
of rings ^ (0^2 another semilepton, labeled £2 ■, and increase its time structure. 

b) similarly, space quanta M^{r)ii^L can be disconnected from the space structure Oj^ j^{r)e^ of a semilep- 
ton ii by: 

m' _ 

E : 0%^i^{r)e, - 0ilAr)tr © Ml{r)R,L 

fe=i 



39 



and increase the space structure 9^ hi'"') (-2 of another semilepton (.2 ■ 

c) the time semisheaves of rings d\iL{ti)q^ , 1 < i < 3 , of the three semiquarks of a semibaryon Bi 
can lose time quanta M^.{ti)ii^L by means of the smooth endomorphisms 

These time quanta (functions) can then increase the time semisheaves of rings of the three semiquarks 

of a semibaryon B2 ■ 

Similar conclusions are reached with space quanta. 



Let us note that quantification rules with right or left quanta are not exact since only bisemiparticles 
have a real existence. Consequently, only quantification rules with biquanta can be considered as developed 
in chapter 3, section 3. 

It was demonstrated in [Piell] that the quantification rule consisting in adding time or space quanta to a 
semisheaf of rings corresponds to a deformation of a modular Galois representation while the quantification 
rule referring to the removal of quanta from a semisheaf or rings corresponds to an inverse deformation of 
projective type associated to an endomorphism. 

More concretely, let s^^^ denote a section of a semisheaf of rings having a rank Ufi = {p + n) ■ N . 

Then, a deformation of s^j^ ^^ corresponds to an equivalence class of lift: 

sending Sp„ to a section s^+^^f^^^ having a rank n^+i, = (p + /i + ;/) ■ N and composed oi {p + fi + v) 
quanta. The deformation p^+'^l^I^'+'^+'^l {g associated to the exact sequence: 

1 > Mf. 



whose kernel is a quantum (function) ^ . 

On the other hand, a section s^+i,^^ can be submitted to the inverse deformation 

which is a modular projective mapping sending a section s^j^vr^l of rank n^+i/ = {p + + u) ■ N to & 
section s^^,^ of rank 71^ = {p + ■ N corresponding to an endomorphism of s^+i/r_j;, removing v quanta 
which become "free". 



2 Deformations of the fundamental algebraic structure of semi- 
particles 

2.1 Versal deformation and spreading-out 
isomorphism 

External perturbations can generate singularities on the sections of the semisheaves of rings 9]^l {t, r) . 
This problem is analyzed in this section by considering the versal deformation of a semisheaf of germs of 
difii'erentiable functions 0^i^{sb,,l) of dimension m having isolated singularities. 
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The related question consisting in the algebraic extension of the quotient algebra of the versal defor- 
mation is principally considered: it is essentially the inverse problem of the versal deformation of a sheaf 
of germs of differentiable functions. This problem has some analogy with the resolution [Hir], [Thoma], 
[Tei] of the singularities of an algebraic variety since it "reduces" the versal deformation. 

Under some external perturbation, singularities [Thol], [Lev] are assumed to be generated on the 
sections Sij,ii,L ^ l ■ then consider: 

Definitions 2.1.1 (1. The division theorem) This theorem will be recalled for germs of differentiable 
functions s^r^l having an isolated singularity of corank 1 . Remark that nonisolated singularities were 
investigated by Siersma [Sie] and Pellikaan [Pel] who consider as starting point of their developments the 
group of all local isomorphisms leaving the singular locus invariant. 
Lot (.Ti, • • • , Xm-n, Wi, ' ' ' , Wn) dcnotc thc coordinatcs in (i^)™ . 

A germ s ^r^l{w rx) € Or l{sr has a singularity of corank 1 (then, n = 1 ) and order p in wr^ if 
s,j.r,l{0,wrx) = w^^j^ -[^e^{wRx) where e^,{wRx) is a differentiable unit, i.e. verifying e^(0) ^ . 

Let 0"^ jj(w R i\ be thc algebra of polynomials in wrj^ with coefficients ri^{x)Yi.L being subfunctions of 
defined on a domain Dr^ C Br^ where Br^ is a lower (resp. upper) half open ball of radius b 
around e L'""^ . 

If s^R^ e 0^x{sr,l) bas order p in wr^ , then, there exist a differentiable function q^R^ G ^R,LilR,L) 
and a polynomial 

r 

Kr,l = E nn{x)R,Lwi_Rx e 6i^,i[wij,z,] 

with degree r <p such that 

fnR,L = S^RX ■ q^R^L + R'^RX 

is the versal unfolding of s^a,/, and corresponds to the Malgrange division theorem for the right and 
left cases. The Malgrange division theorem [Mai] is the differentiable version of the Weierstrass division 
theorem [G-R2], [G-K] valid for germs of analytic functions [Mathl]. 

(2. The preparation theorem) Let 

p-i 

W^R,L = W^jiL + E hiJ.{x)R,LW}iL 

be the Weierstrass polynomial verifying 6i^(0) = • • • = 6(p_i)^(0) = . If s^r^ e 0^x{sr,l) bas finite 
order p in wr^ , then there exists a uniquely determined Weierstrass polynomial w^r^ G ^rl['^R,l] and 
a unit e^i{,L e ^Rxi^) such that s^k^l = Wf^R^ ■ e^{wRx) . 

If Sij,Rx € ^fl,z,[^^,i] ' ^nR,L € 01r.,l[^R,l\ and we get the preparation theorem 

flJ.R,L = S^fl.L • qij.R,L + Rij,R,L 

where q^,Rx e Or,l{i) and 

r 

Rf.R,L = E ai^ix)R,Lwl,jix e O'gxiwRx] 
1=1 

with ai^{x)Rx e B'^~L{ai) and r <p . 
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Definitions 2.1.2 (1. Versal deformation) Let Or [}{ai) be the semishcaf of differentiable functions 
0'iij,{x)R,L C Sij,r^l{x,w) , X = (xi,- • • ,Xm-n) ) and 6]^ ^{w^) be the i-th generator semisheaf of mono- 
mial functions w^^^^ . Then, eR^L{sR,L) = {O^R,LiwR,L)r ■ ■ , &R,Liwh,L)r ■ ■ ,K,LiwR,L)} is the right 
(resp. left) family of scmishcavcs of the right (rcsp. left) base srx of the vcrsal deformation of the sem- 
isheaf 0"^ j^{sr,l) ■ Indeed, the vcrsal deformation of the semisheaf 9^j^{sr^l) , whose sections are the 
differentiable functions s^r^l , is given by the product [Traul], [Trau2]: 

OR,L{fR,L) = e^^j^isR^L) X ^^,^(SiJ,i) 

where l{sr^l) is the base semisheaf such that OR^L{fR,L) is sr^l-^sA,. 

Recall succinctly that a deformation [111] is called versal if each deformation of 0r^l{sr,l) is isomorphic 
to another deformation of Or^l{sr,l) induced by some transformation of the base semisheaf Or^l{sr^l) 
[Pala]. 

(2. Quotient algebra) The quotient algebra Or^lIRwr l] of the versal deformation of the semishcaf 
0^,l{sr,l) is a finitely generated vector space of dimension r whose elements are the polynomials Rfj.R,L = 

r 

E aif,{x)R,Lwl,jij^ . 

i=l 

Definition 2.1.3 (Specialization semirings) Let p{aifj)R^L be the specialization prime ideal of the 
subsemiring Aa^^j^^^ referring to the generation of the function ai^(a;)ij_L . Then, p{ai)R^L will denote the 
set of speciaUzation prime ideals {piain) r^l}1,=i of the semiring -A^^^ ^ referring to the generation of the 

semishcaf 0'J^'^^{ai) . 

Similarly, let p{w^^j^ j^) be the specialization prime ideal of the subsemiring A^i referring to the 
generation of the i-th base function of the polynomial R^r^l ■ Then, p{w^)r^l will denote the set of 
specialization prime ideals {p{w^^r^l)}1i=i of the semiring A^i^ ^ referring to the generation of the i-th 
generator semisheaf 6^ Li'^R l) ■ 

According to section 1.1.3, let jiiflijR^L be the set of specialization ideals of the specialization semiring 
^liR^L dividing the set of specialization ideals p{ai)R^L ■ Similarly, let (3{w^)r^l be the set of specialization 
ideals of the specialization semiring B^i^ ^ dividing the set of specialization ideals p{w^)r,l ■ 

Then, Baip^ j^ is the integral closure of ^ojH.i- and 0'^^^{ai) is a semisheaf on the free Aa.^^-semimodule 

Similarly, 0r^l{w^) is a semisheaf on the A^i^ ^-semimodule B^i^ ^ . 

Lemma 2.1.4 The semisheaves 0R^^{ai) , 1 < i < r , and Or l{w^) are characterized by the same set of 
ranks. 

Proof. 

1) Let Uyji^ ^ = {n^oj , • • • , riiiji^ , • ' ' > 'r>'wi } be the set of ranks corresponding to the set of subsemimodules 
B^i^ I, ~ i-^wi'' ' ' ' -^uij} and let naiB.,L = {"-ain • • • ) ria^^, • • • , J^a;,} be the set of ranks of the set 
of subsemimodules -BaiH.i, = {Ba^,- ■ ■ , -Baj,} • 
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Each section s^^^i € (^ji l{sr,l) ; 1 ^ M < 9 : having a singularity of order p is (p + 1) determined 
[Math2], [Ton]. Consequently, there exist (r — 1) embedded and sequential subspaccs of the quotient 
algebra 9ii^l[Rw] of the versal deformation OB,,L{fR,L) = 6^l{^r,l) x 6^rl{^r,l) of the semisheaf 
6^l{sr^l) '■ this also reflects the finite determinacy [Pie5] of the quotient algebra 9r^l[Rw] ■ 

Considering that the quotient algebra develops according to: 

0RARv.\^t0ZL{^i)^0R,L{^')^ 
i=l 

each semisheaf direct product 0'^'}^{ai) x must be finitely generated. 

2) the section ai^{x)R^L C Sfj_B.,L{x,w) being a subfunction of s^i{,L(a;,w) must be characterized by a 
rank 

where: 

• the integer /i^ is a global residue degree verifying h/^ < fj, with fi being the global residue degree 
of the /i-th conjugacy class of Tm{A l„) or of ^^(A on which Si_ir^l{x, w) is defined. 

Note that the rank n^^ of this fi-th conjugacy class is rig^ = (/x • N)"^ [Pie9]. 

• iV is the rank of a real irreducible completion. 

3) As 9^p^ [^{sr,l) is projected onto the semisheaf 9"j^^{ai) in such a way that the semisheaf 9]^ [^{w'r ^) , 
1 < i < r , be flat onto 9"^~j}{ai) , the monomial function w^^^ j^ S ^H,L(^k,L) ' which is a normal 
crossings divisor, must have a rank n^i^ proportional or equal to the rank n^j^ of ain{x)n^L ■ 

If TO — 1 < 2 , then we have that: 

• n^i^ = {hn ■ Ny where p> m — 1 ; 

Definition 2.1.5 (Singular ideal) The function ^ S ^r Li"^^) '^^'^^ have an isolated singular point 
in the specialization ideal . Then, = Pj-^w^ — 0(j-i):n)' will be called a singular ideal. The 

rank of ^ will be called the total rank, noted , and will be equal to n^^ = (n^i — 1) + 1 = n^i 
where the second term in the sum refers to the singular "rank" of the singular ideal AB^ , . 

Lemma 2.1.6 Let 9\ij^{w]^ i) he the i-th base semisheaf of the versal deformation of 9"^ j^{s r^l) ■ 

Let fj^'^^ be the maximal value of its global residue degree counting the irreducible subschemes of rank 

N . 

Then, the following smooth endomorphism 

with //. = f^'^^ — fr G -f^ ! can he introduced on the semisheaf ^(wfl: ^ )/">'"' in such a way that it 
decomposes into two non connected complementary semisheaves 9}lj^{w}i j^)f* and 9j^ L^^R,L)f' ■ 
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Proof. 

1) Referring to the rank n^i — (/i^ • N)p of the monomial hmction w^^^j^ E ^RLi'^RL) ^ given in 
lemma 2.1.4, we see that its unramified rank or global residue degree is given by: 

H = ^^<^y = ""k/^" ■ 

The integer f^i^ is the number of irreducible completions of rank A'' on which w^^j^j^ is defined. 
So, ff^'^^ will be in the same manner the number of irreducible completions of rank N on which 
^ij 1,(^1? l) ^ defined: 

2) The semisheaf d'^^{w}^ is a reduced semisheaf generated from 6')j ^.(^k l) under the action 
of the Galois antiautomorphic group according to the endomorphism E^,^ ^ in such a way that: 

• ^R,Li''^R,L)f'. is characterized by decreasing global residue degrees /*. ; 

• ^/r is characterized by increasing global residue //. verifying /™'*'^ = /*. + //^ • ■ 

Proposition 2.1.7 Every base semisheaf hi'^'^R l) of the versal deformation of the semisheaf 0"^ j^{sr,l) 
can generate under the smooth endomorphism E^i^ ^ the elements of the category c{9^i ) of the {fi — 1) 
pairs of semisheaves of rings: 

® -i)} , 1 < /; < /r^ , 

whose objects are two nonconnected semisheaves characterized by complementary global residue degrees 
verifying: /f = /* + //. . 

Proof. This is a generalization of lemma 2.1.6 where (/™'*'^ — 1) smooth endomorphisms E^i^ ^ are 
considered. ■ 

Corollary 2.1.8 Let /*. denote the global residue degree set of the i-th reduced semisheaf of rings ]^{w^) 
and let f^. denote the global residue degree set of the i-th complementary semisheaf of rings ^i''^^) ■ 
Then, the smooth endomorphism E^i applied on the semisheaf of rings 0]^ ^{w^) is maximal when 

fn = • 

Proof. Indeed, if / *, = , then //. = ff^^ , which means that the reduced semisheaf of rings 0^j^{w^) 
has been completely transformed into the complementary semisheaf of rings ^7jj.^(w^') • ■ 
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Proposition 2.1.9 Let Op ^{fft l) — 6^j^{sb,,l) x O'^jil(^R-l) ^^e versal deformation of the semisheaf 

r 

^RLi-^R,L) having 9r^l[Rw] = ^nl^i^i) x d]i i^iw^) as quotient algebra. 

i=l 

Then, there exists a family of isomorphisms Ils{f*^^ t ' ' ' ' ' -fria t ' ' ' ' ' ■f*ra ^ ^ -9*^^^ 

R^Tj r^l 

where: 

(^/ (''^*))/^ is the i-th complementary semisheaf having global residue degree set f^, generated 
by the smooth endomorphism E^i from the semisheaf {9}^ j^{w'')) f- having global residue degree set 
fi . 

b) Or^lM X 9'p^^{sn,L) = {O^lM x 0^j,Jsfl,L))- 
Proof. 

1) This proposition is a generalization of proposition 2.1.7 in such a way that the smooth endomorphism 
E^i , generating (/f^^ — 1) pairs of semisheaves of the category c{6^ « ) , is extended to all the 
base semisheaves iC'W^ j^) , 1 < i < r , of the versal deformation. 

2) The family of endomorphisms ns{f* , • " " i /* r " ■, f* ) such that: 

• //^ irreducible subschemes of rank N are disconnected from the base semisheaf 9}^ ^ ^ ) /max 
on'9^^^{sR,L) ; 

• irreducible subschemes of rank N are disconnected from the base semisheaf 9]^ ^ ( w}j ^ ) 

• and so on, 1 <i < r . 

3) The set of complementary residue degrees (//j^ l' " ' •^'^*b i, ' ' •^'>h i, ^ ^^'■^^^ ™ ^^^^ ^ that: 

i S /ri^^ S Ji , • • • , i S /r^^ S 
implying for each set (//^ , • ' ' i //,, ) ^ family of isomorphisms 7rs(/*^ , ■ ■ ■ , f*^ ) • 

4) O'n l{sr.l) is the residue base semisheaf resulting from the disconnection of the set {9}^ ^ {'^^)f' > 

Corollary 2.1.10 The family of isomorphisms 

^R,L ^R,L ^R,L 

is maximal in the i-th semisheaf {Oj^j^{w^) if f*. = . 
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Proof. If f*. = , the i-th scmishcaf Liw^) has been completely transformed into its complemen- 
tary disconnected semisheaf 6j (w') . Indeed, we have that: // = Z™^"" if /* = . ■ 

Corollary 2.1.11 The family of isomorphisms Us is maximal if: 
i.e. iffl,^^=fi,yi,l<i<r. 

Proof. Indeed, //.^ ^ = f^'^^ , if /*.^ ^ = , V i . In this case, all the semisheaves 0]^ ]^{w^) , I < i < r , 
of the quotient algebra have been disconnected from 0R,L{fR,L) • Consequently, Oii^L{fR,L) = (^r l{^R,l) x 
0R,Li^R,L) reduces to the semisheaf d^ii^L{sR,L) ■ ■ 

Definition 2.1.12 (Category of vertical tangent vector bundles) Let 

'^Vv, = ) ■ ■ ■ ) T^Vv.^ ) ■ ■ ■ ) I'v„r } 

denote the family of tangent vector bundles obtained by considering the projection of all complementary 
semisheaves {6\^ ^{w^))fi ,Vi,l<i<r,in the vertical tangent spaces Ty^. characterized by the 

normal vector fields uji . 

Let Tv„ be the proper projective map of the tangent vector bundle Ty^ : 

'R,L 'R,L 

SO that ry„ = {rv^. . 

To the category c(0)^^(w*)) will then correspond the category c{Tv^.{9}^ ^{w^)) of sections of tangent 
vector bundles. 

Proposition 2.1.13 The extension of the quotient algebra of the versal deformation of the semisheaf 
0^ ]^{sb„l) having an isolated singularity of order p in each section s^r^l is realized by the spreading-out 
isomorphism SOT = {tv„ o n^) . 

Proof. Let be the kernel of the normal vector bundle Tv„. ■ 
Then, the exact sequence 

represents an extension of the complementary semisheaf {6] ^ (W)) ^ by the kernel I^i ■ ■ 

Proposition 2.1.14 The spreading-out isomorphism SOT is locally stable if the complementary sem- 
isheaves Tv^.{Oj^ ^{w^))fi , V i , 1 < z < r , generated by SOT from 6R^L{fR,L) , are locally free 
semisheaves. 
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Proof. If Ty^ (9j (w'^))ji has a singular ideal in the sense of definition 2.1.5, then it is not stable, 

t R,L ^iR,L 

taking into account that a semisheaf is locally stable if it is locally free. ■ 

Proposition 2.1.15 The maximal number of complementary semisheaves Ty^. {0} ^ (W)) fi gen- 
erated by the spreading- out isomorphism SOT is equal to the codimension of the versal deformation of the 
semisheaf 6']Ij^{sr^l) ■ 

Remark 2.1.16 Let us recall that all the singularities of generic wave fronts in spaces of dimension < 7 
are locally diffeomorphic to the Ap-i and -Dp_i singularities [Arnl], [Arn2] whose simple genotypes in 
M"^ R have the normal forms [Mill]: 

Ap^i : xP + Q , 

Dp_, : x^y + yP-^ + Q' 

where Q and Q' are nondegenerated quadratic forms respectively of (m — 1) and (m — 2) variables. 

As we are concerned in this work essentially with spaces of dimension 3, the only singularities to be 
considered are the corank one (i.e. with n = 1 ) singularities Ap-i and the corank two (i.e. with n = 2 ) 
singularities -Dp_i . 

Definitions 2.1.17 (Corank 2 singularities) 1. The Malgrange preparation theorem can be general- 
ized to germs of differentiable functions s^fl,L € ^RLi^R,L) having an isolated singularity of corank 2. 
Indeed, if a germ s^fl,L has singularities of corank 2 and order p in the two indeterminates wi and W2 , 
then: 

a) Sf,R,L{0,wi,W2) = PtJ.R,L{wi,W2) ■ e^R^L{wi,W2) where 6^^,1,(^1, f«2) is a differentiable unit and 
PhR,l{wi,W2) is a Weierstrass polynomial of degree p . 

b) the quotient algebra of the Malgrange preparation theorem is a finitely generated tensoriel space of 
type (0, 2) and dimension r < p . 

2. The spreading-out isomorphism SOT can clearly be applied to the versal deformation of a semisheaf 
of germs of differentiable functions having singularities of corank 2 because the proposition 2.1.10 can be 
generalized to this case. 

Definition 2.1.18 (Gluing-up of complementary semisheaves) The category of complementary sem- 
isheaf direct products {Tv^.{Oj^ ^{w'^))}l^i docs not necessarily cover in a compact way the semisheaf 
l{^R,l) X O'r. l{^r,l) generated from the semisheaf 0"^ ]^{srx) by versal deformation and spreading-out 
isomorphism SOT . However, wc can define a gluing-up of semisheaves Ty^ _ {0j^ ^(w^)) fi which are 

above the semisheaf 0^^{sr^l) x 0rl{sr^l) ■ 

As the sections of the semisheaves Ty^,{9}^ ^{w^) fi are constituted of normal crossings divisors 
having a rank n^^i^ = (/i^ • N)p , with p> m—1 , according to lemma 2.1.4, we can say that the dimension 
of these semisheaves is approximatively equal to m . 
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In this perspective, let us denote the i-th and the j-th complementary semisheaves by {9^{D{wi))ji^L 
and by {9^{D{wj))ii^L defined respectively on the domains D{wi) and D{wj) . Consider then the gluing-up 
of these two complementary semisheaves in the following manner: 

For each pair , let Ily be an isomorphism from 9Y{D{wi)f\D{wj))R^L to 0^{D{wi){^D{wj))Rx ■ 
Then, there exists a scmishcaf 6"^{D{wi-j))ii,L defined on the connected domain D{wi-j) = D{wi) U 
D{wj)) and an isomorphism m from 9"^{D{wi))R^L to 9Y^{D{wi))R^L such that Uij = iii o nj^ in each 
point of {D{wi) n D{wj)) , V i , 1 < i < r : this is an adapted version of a proposition of J. P. Serre [Serf]. 

So, 6"^{D{'Wi-j))ii^L is the semisheaf corresponding to the gluing-up of the semisheaves 6Y^{D{wi))ii^L 
and 9'J^{D{wj)) r ^ . It is then possible to envisage the gluing-up of some complementary semisheaves or of 
the complete category of these complementary semisheaves covering then by patches [Tho2] the semisheaf 



Definition 2.1.19 (Sequence of spreading-out isomorpliisms) Let 9''gQrpi^-^^-^^^ denote the family of 
complementary semisheaves {9Y^{D{wi))R^L}i^i , P < r , covering 9r j^{sr^l) x 9'r j^{sr^l) some of which 
can be glued together. ^507^(1)^ ^ is thus generated by the spreading-out isomorphism S0T{1) . 

According to definition 2.1.5, the germs w^^^j, € ^/{^^(W) C 0™{D{wi))R^L can be characterized by 
isolated degenerated singular points. 

Consequently, a versal deformation of ^50^(1)^ ^ can be envisaged followed by a spreading-out isomor- 
phism S0T{2) . The resulting family of complementary semisheaves will then be noted ^^0^(2)^ ^ • 

If we abbreviate Or]^{sr^l) x Or i^{sr^l) by 6r^l{s, s)r^l , we have the exact sequence: 

0'S,l{s)r,l ""-^^ 9r,l{s,S,)r,l 



SOT{l) 
yd(2) 
SOT{2) 



{9R,L{s,Sl)R,LY\J9^0niU,. 

{9R,Lis, U R,l{s sOT{l)i S2) R,L 

{Or,l{s, Si)r^l)' \J{9r^l{ssOT{1),S2)r,l)' U ^SOT(2)fi,. 



where 

a) Vd{l) and Vd{2) denote the two successive versal deformations; 

b) the versal deformation Vd{2) of the semisheaf ^50^(1)^ ^ gives the semisheaf 

9r,l{ssot{i)i S2)r,l in such a way that the dimension of its quotient algebra q verifies q <r where 
r is the dimension of the quotient algebra of Vd(l) . 



Proposition 2.1.20 A sequence of maximum two successive spreading-out isomorphisms can he envisaged 
from a given semisheaf of germs of differentiable functions Ori^{s)r^l where m < 3 . 



Proof. As m < 3 , the corank " ck " of the degenerated singularities on 9r]^{s)r^l is cfc < 2 according 
to the remarks 2.1.16 and the codimension " cd " of the versal deformation of 6^i{s)r^l is erf < 3 . Con- 
sequently, the possible degenerated singularities on the family of complementary semisheaves 9™Qrp^^j^^ ^ , 
obtained from 9^ j^{s) rx by the (50T(1) o Vd{l)) morphism, have a codimension cd < 2 . Thus, one and 
only one supplementary {SOT{2) o Vd{2)) morphism can be envisaged from the semisheaf ^5(3j'(i)^ ^ • ■ 



48 



2.2 The three embedded structures of semiparticles 

The aim of this section is to prove that the algebraic structure of semiparticles is composed of three 
embedded semisheaves of rings whose most internal is the space-time semisheaf of rings studied in chapter 
1. 

If singularities are generated on this space-time semisheaf of rings, then a sequence of maximum two 
successive spreading-out isomorphisms consecutive to versal deformations can be considered leading to the 
generation of two embedded semisheaves of rings covering the fundamental space-time semisheaf of rings. 

The developments will be made for semileptons because they are easier to handle but they are also 
valid for semibaryons. 

Definition 2.2.1 (Extension of the quotient algebra) Consider the 4£>-space-time semisheaf of rings 
{0*^j^{t) ® 6^^ ^ {'>'))sT , noted " ST " for space-time, whose q sections are differential functions isomorphic 
to 

Assume that under some external perturbations: 

a) all the sections s*^{t)ii^L € 0*i}{t) are endowed with the same isolated singularities of corank 1 and 
codimension r < 3 . 

b) or/and that all the complementary 3£>-sections si^{r)ii,L € Oj^^{r) have the same isolated singu- 
larities of corank ck <2 and codimension r < 3 . 

According to proposition 2.1.9, the versal deformation of the q sections s*^{t)R^L € 6*^j^{t) defines the 
quotient algebra 

1=1 

where 0%L{ai) is a constant semisheaf and where is the i-th generator semisheaf of the versal 

unfolding, when the versal deformation of the semisheaf of rings ^f^ ^ (r) having singularities of corank 1 
gives rise to the quotient algebra 

i=l 

But, if the singularities are of corank 2 on 6^^ ^ (r) , the quotient algebra of the versal deformation will be 

r 

Then, the extension of the quotient algebra of the versal deformation realized by the spreading-out iso- 
morphism generates: 

a) for the semisheaf of rings 6*^i^{t)sT the category c{Twi{0\i j^{w'^))) of sections of vertical tangent 
bundles. 

b) for the semisheaf of rings ^ {r)sT having singularities of corank 1 the category c{Tw^{6\J^ 

of sections of vertical tangent bundles and for the semisheaf of rings 6'|^ ^ (r) st having singularities 
of corank 2 the category c{Tyj^-{9j^ ^{wu, W2j))) of sections of vertical tangent bundles. 
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Definition 2.2.2 (Covering tiie spreading-out isomorphism) Let 

{dHDiwi))R,L}'!=i (resp. {df{D{wi))i{^L}^^i ) denote a family, i.e. withp < r , of the category c{Tyj.{- ■ ■ )) 
(resp. c(T^^(- • • )) of vertical tangent bundle sections which are complementary semisheaves. 

Assume that 0)j i^{tres)s'T (resp. 9^ L{'''res)sT ), being the residue semisheaf after the versal deformation 
and the spreading-out isomorphism SOT{l) o Vd{l) (resp. SOT{l') o Vd{l') ) (sec definition 2.1.19) of 
^R,L{i)sT (resp. Of^^{r)sT ), is partially covered [Ful] by the semisheaf 0]^j^{t)MG (resp. 0%^^^{r)MG ) 
denoting one family {0]{D{wi))R^LYi^i (resp. {9^{D{'Wi)) R,LYi^i ) or several families 

{{9KD{w,))r,l}U^ • • • , {91{D{wu))r.l}U,} 

(resp. m{D{w^))R,L}U. ■ mDiw,))R,L}U} ) 
where p and s are inferior or equal to the respective dimensions of the versal deformations. 

The covering by several families of semisheaves must be considered because every section s*^(t)ij,i, € 
ORi^{t)sT (resp. s'j^{r)R^L € ^/^i('')sT ) can have several isolated degenerated singularities. If there 
is a covering by one or several families of semisheaves, some of these semisheaves can be glued together 
according to definition 2.1.18. 



Definition 2.2.3 (Embedded semisheaves of rings) Let 9]^j^{t)MG (resp. 9\ ]^{r)MG ) be the sem- 
isheaf covering partially 6\^ j^{tres) ST (resp. 9\ j^{rres)sT ) where " MG " is the abbreviated form for 
"middle ground". According to proposition 2.1.20, if the codimension of the degenerated singularities 

on the semisheaves 9*^j^{t)sT (resp. (^^„^{f)sT ) is superior or equal to 3 , a versal deformation and a 
spreading-out isomorphism {SOT{2)oVd{2)) (resp. {SOT{2')oVd{2')) ) can be envisaged from 9\j^(f)MG 
(resp. 9\ i^{r)MG ) leading to a semisheaf d\^]^{t)M (resp. 9\j^{r)M ) covering partially the residue sem- 
isheaf ]^{tres) MG (rcsp. j;, (rres ) MG ), where " M " is the abbreviated form for "mass". 



If the semisheaves 6}i L{tres)MG and 6\ij^{t)M (resp. Or L{rres)MG and 0^]^{r)M ) are generated by 
versal deformation and spreading-out isomorphism, then the corresponding complementary semisheaves 



'ir.l('^')mg and 9j^^{r)M (resp. 9]'^^{t)MG and 9]'^^{t)M ) can be generated respectively from 



<^R,Liires)MG and 9R^i^{t)M (rcsp. 9\j^{rres)MG and 9%^j^{r)M ) by a (74^^ ° E) morphism (resp. a 
(7r_>t o E') morphism according to proposition 1.2.6 and corollary 1.2.8. 



The sequence of the two successive versal deformations and spreading-out isomorphisms from the ID- 
semisheaf of rings 9\^ l{^)st are summarized in the two following diagrams A) and B): 
A) 



1 SOT{l)oVd(l) 1 1 SOT(i)oVd(2) .1 . , x , , fll ^, , , z,l 



(OST ^i,, {rres)sT U 9^j^ ^ (r)MG ^L,, U 9^^ ^ (r.e«)MG U 9^^ ^ 



(r) 
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B) 

^R,L{t)sT 0}'^ ,^ {tres)sT U 6]'^ ^ {t)MG Oj'^ ^ {tres)sT U 6}'^ ^ {tres)MG U 6j'^ ^ {t)M 



leading to the two sets of three embedded semisheaves of rings for the diagram A): 

(^R.Li^res) ST C 0}^j^{tres) MG C d\,j^{t)M 

in the sense that there is a topological embedding for all their q sections, 1 < /U < g , i.e.: 

SfiR,L{tres)sT C S f^Ji,L(t.res) MG C Sf^Ji,L(t)M 
S^lR,L{rrea)sT C SfiR^L{rres)MG C S^R^L{r)M 

where Sf,R^L{tres)sT G 0]^j^{tres)sT and so on. 

With respect to the diagram B), we have the corresponding embedding of semisheaves of rings: 

0R,L{^res)sT C 9%^j^{rres) MG C 0%^^{r)M 

Proposition 2.2.4 The semisheaves of rings Of^^{rres)sT U 9^^ ^{r)MG , generated by the morphism 
'y^^ o E o S0T{1) oVd{l)) from 9jf^j^{t)sT , may be isomorphic to the semisheaves of rings 2;,(rres)sT U 
6ji i^{r)MG , generated by the morphism {S0T{1') o Vd{l') o ^f^r ° from 9\ii^{t)sT if and only if: 

a) singularities of corank 1 and of the same codimension are at the origin of the versal deformations 
Vd{l) and Vd{l') ; 

b) the singularities on the semisheaves 9\^ j^{tres)sT ^9\^j^{t)MG o,re conserved under the morphism 

Proof. By hypothesis, only singularities of corank 1 and of the same codimension are taken into account 
in the versal deformations Vd{l) and Vd(l') : this is justified physically by the fact that the same kind of 
perturbation must be envisaged on the semisheaf 0jii^{t)sT for the versal deformation Vd{l) and on the 
complementary semisheaf 9ff^^{t)sT for the versal deformation Vd{l') . 
The quotient algebra of the versal deformation Vd{l) is 

0r,l[Rw] = t 9r,M X e],^^{w^) 

i=l 

while it is 

i=l 

for the versal deformation Vd{l') according to definition 2.2.1. 
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Now, under the hypothesis of the proposition, the generator semisheaves Ojil{w'') in 9r,l[Rw] and 
in 0jii^[Rw] are composed of time quanta, i.e. time prime ideals of rank N . These time quanta are 
composed of the same number of geometric points as the time quanta of the semisheaf Oji i^{t)sT because 
the semisheaves 0]^ ]^{w^) and 0]^]^{t)sT are supposed to be generated by Eisenstein cohomology from 
ID-time symmetric spHtting semificlds (sec definition 1.1.2). 

Considering that the semisheaf G Orl{Rw] is a stratum semisheaf of (^'ij^ j^{t)st , we can 

admit that we reach the thesis since the jt^r morphism is a morphism essentially based on the inverse 
Kronecker's specialization [Lanl] such that a ring of irreducible polynomials in n variables can be extended 
to a ring of irreducible; polynomials in m variables, where n < m . 

Or, more directly, wc have seen that the 3D semisheaves of rings 0%i^{rres)sT and 0^ ji^{riQs)MG de- 
generate into ID- semisheaves of rings according to proposition 1.2.6. ■ 

Corollary 2.2.5 The semisheaves of rings 0^^ ^{rres)MG U 0i^^{r)M may be isomorphic to the sem- 
isheaves of rings 6\ i^{rres)MG U 9\ L{r)M if and only if 

a) singularities of corank 1 and of the same codimension are at the origin of the versal deformations 
Vd{2) and Vd{2') ; 

h) the singularities on the semisheaves 9]^ ^{tres)MG U 0]^^{t)M are conserved under the mosphism 

Proposition 2.2.6 Let M^^^{t)sT e e]i^L{tres) st , M^^^{t)MG e Oj^ j^itres) mg and M^j^{t)M e 
^r,l{^)m be the time quanta on which the corresponding semisheaves of rings ST , MG and M are 
defined. Then, these time quanta have the same number of geometric points. 

Proof. A time quantum is a time submodule having a rank N . As the MG-time semisheaf i^{t)MG 
is generated from the 5T-l£)-time semisheaf 0\j^{t)sT by the {SOT(l) o Vd{\)) morphism, it results that 
the MG-time quanta Mj^ j^{t)MG are submodules of the category c(T(j^-(0^^^(aj) x 9]^ ^(w*)) according 
to definition 2.2.1. 

Now, as the semisheaf 9]^ ];^{w^) is generated on and from irreducible completions L„i , i.e. quanta ac- 
cording to section 1.1.4, we have that lWst has the same number of geometric points as ]^{t)MG ■ 
Similarly, we can prove that j^{t)MG has the same number of geometric points as Mj^j^{t)M ■ ■ 

Corollary 2.2.7 If Ml^j^{r)sT € 9%^ L{r)sT , M}i^^{r)MG e 9\ L{r)MG and Ml^j^{r)M e 9\^i^{r)M are 
space quanta, then they have the same number of geometric points. 

Proof. As the space quanta are generated from the time quanta by the 7t^r ° E morphism and as the 
time quanta have the same number of geometric points, we have the thesis. ■ 

Proposition 2.2.8 The semisheaves of rings 9]^ j^(tres)MG and 9\j^{t)M as well as the semisheaves of 
rings 9\ j^{rres)MG and 9\j^{r)M are not necessarily compact and Zariski dense in such a way that their 
sections are open strings. 
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Proof. Indeed, by construction (see definition 2.2.2), these semisheaves 6]^ 2^(trcs)MG and 0^ l{^)m (idem 
L(*res)MG and 9\ i^{t)M ) cover partially by patches the semisheaf i(ires)sT • 

As the sections of ^{tres) mg and of 6\^j^{t)M (resp. of 0\ ^^{rres) mg and 0%i^{r)M ) are one- 
dimensional and cover partially the sections of ^(tres)sT (resp. ^(tres)sT ), they are open strings. 

More precisely, as the cocfScients ai^^{x) of the quotient algebra of the vcrsal deformation of germs 
^iJ'R,l{'^R,l) are (germs of) functions defined on domains D^^^ included into half open balls B^^^ 
whose radii increase in function of the global residue degrees of the sections s^^^ , the numbers of 
quanta M^ j^{t)MG and M^j^{t)M , covering the sections SjUK,i(i)sT of the semisheaf Oji j^{tres)sT , in- 
crease according to the global residue degrees f^^^ of s^H,i(OsT • Thus, if 'T^M^(t)MG ('^a') ~ /mmg and 
'^M'(t)MG (^M+i) ^ ./(m+i)mg denote the numbers of quanta, i.e. the corresponding global residue degrees, 
respectively of the ii-th and (/i + l)-th sections of the semisheaf 0]^ ^(ircs )mg covering the corresponding 
sections of the semisheaf 6')j_^(trcs)sT , then nMi(t)MGi^i^) < '^M'(t)MG(^i^+i) ■ 

And, nMi{t)sT{^ij) ~ ''^M'{t)MGi^ij) ' number of quanta nM'(t)MGi^ij) °^ A*'^^ section 

of S\i,L{ires)MG is approximately equal to the number of quanta nM'{t)sT{^ij) A*'*^ section of 

^ii,Z,(^res)sT • ■ 

Proposition 2.2.9 Every semisheaf of rings 0R^Litres) ST , 0R^L(tres)MG , Or,l{^)m , 0%L{^res)sT , 
^R,L{''"res)MG or 0R^Li^)M wMch is locolly free corresponds to a Stein space. 

Proof. A sheaf of rings 6p , defined on a closed subset P of a topological space X , is locally free if it 
has no degenerated singularity. Consequently, it cannot be submitted to a versal deformation and must 
satisfy the condition H'^(P, 0p)=O,Vg>l, [G-R3]. If this is the case, the sheaf of rings 6p corresponds 
to a Stein space and is locally free. ■ 

Definition 2.2.10 (Semialgebras on Ai{,L-semimodules) Let 0R^l{t,r) = 0R]^{t) ® 0r Li''') denote 
the direct sum of the ID- and SZ^-semisheaves of rings. As 0R^lit,r)sT , ^/j~i(t, t")mg and 0]^l{t,r)M 
are semisheaves on semimodules over A r^l , they are semialgebras [F-D] . 

This leads us to the following proposition: 

Proposition 2.2.11 The semialgebras 0R^l{t,r)sT , &R^Li^'''')MG 0R~lit,r)M are commutative while 
the semialgebras 

OR~l{t,r)sT®e],-l{t,r)MG , 

^R:lit^ r)sT © 0R~l{t, r)MG ® 0R~l{t, r)M , 

and 0]{l{t, r)MG © 0]^l{t. r)M 
extended from 0R^l{t,r)sT by versal deformation(s) and spreading-out isomorphism(s) are noncommuta- 
tive. 

Proof. 1. The semialgebra 0R~lit,r)sT is commutative by construction (see chapter 1) since 0R^Li^)sT 
is generated by right (resp. left) Eisenstein cohomology from the ID-symmetric splitting semifields . 
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The semialgebra ()\l{t')st is also commutative since it is generated by the (7t^r ° E) morphism from 
0\ii^{t)sT according to proposition 1.2.6. 

In fact, the semialgebras 0^l{t,r)sT , &li^l{t,r)MG and 0]^l{t,r)M are commutative because it is 
possible for each one of these to define a unique centralizator. 

2. A semialgebra extended by versal deformation and spreading-out isomorphism, for example 6]^l {t, r) st® 
6]^l{t,r)MG , is noncommutative because it is impossible to define for it a unique centralizator. Indeed, 

the generator semisheaves 6b.^l{w'^) of the versal unfolding leading to the generation of the ID-extended 
semisheaf Oj^ i^(t)MG originate from the specialization prime ideals piw'^^p j^) (see definition 2.1.3) while 
the ID-semisheaf 0]ij^{t)sT originates from specialization prime ideals p^r^l (see definition 1.1.3). As 
these specialization ideals p(w^^^) and Pfj,H,L are not equal, we reach the thesis. ■ 

Definition 2.2.12 The emission quantification of the space-time, middle ground and mass structures 

of scmiparticles can be envisaged by considering that these three embedded structures are constituted by 
the three embedded time semisheaves of rings 9]^ i^{tres)sT^9p i^{tres)MG^9j^ j noted in abbreviated 

form 6]^ i{t)sT-MG-M , and by the three embedded space semisheaves 6*1^ i^{r)sT-MG-M = 9^ L{Tres)sT^ 

0R,L{rres)MG^9\j^{r)M ■ 

Taking into account that the middle ground and mass semisheaves of rings are above the space-time 
semisheaves of rings, the middle ground and mass quanta will be above the space-time quanta. Conse- 
quently, a smooth endomorphism Est-mg-m , acting simultaneously on the three embedded semisheaves 
ST , MG and M , can be defined by: 

m 

EsT-MG-M ■ Ofi j^{t)sT-MG-M ^ 9j^^{t)sT-MG-M Ml^^{t) ST-MG-M 

fc=l 

where M^.^ Jt)sT-MG-M = Ml^_^{t)sT U Ml^ Jt)MG U Ml^^{t)M are three "disconnected" functions 
on time quanta from 9]^ {t)sT-MG-M so that ^ {t)MG is above M^^ ^ {t)sT and M^^ ^ {t)M is above 

M4,,(i)MG . 

This smooth endomorphism Est-mg-m then represents a three stratum time quantification of emis- 
sion of semiparticles. 

Similarly, a three stratum space quantification of emission would be introduced by applying a smooth 
endomorphism Est-mg-m on 9\ j^{r)sT-MG-M disconnecting space quanta Mj^ j^{r)sT-MG-M from 
this space semisheaf. 

Proposition 2.2.13 1. The standard quanta of quantum field theory are the spatial left quanta Ml {r)M € 
OUr)M . 

2. The Planck constant h corresponds to the value of the integer N in the mass unit system, where N 
refers to the order of the global inertia subgroup. 

Proof. The quanta of quantum theories are the spatial left quanta M[{r)M because only the mass struc- 
ture of elementary particles is presently observable and corresponds to the left semisheaf of rings 6\{r)M 
of left scmiparticles. However, right (resp. left) quanta are in fact spatial quanta M^^ ^{r)sT-MG-M € 
9%,^l{''')st-mg-m ■ 
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On the other hand, according to axiom II 1.3.9, a "real" spatial quantum of an algebraic quantum 
theory must be a biquantum given by the product of a right and a left spatial quantum: Mjf^{r)sT,MG,M x 
Ml{r)sT,MG,L ■ 

2) The Planck constant, introduced by Planck in Physics to take into account the discontinued behavior 
of matter, must then correspond to the value of the integer A'' in the system of units of the algebraic mass 
semisheaf of rings. ■ 



Definition 2.2.14 (Vertical tangent semibundles) The ID-time scmishcavcs of rings 9\ ^{tres)MG 
and 9]^ i^{t)M as well as the 3D-space semisheaves of rings 9\ i(rres)MG and 9^ l(?')m , generated from 
the semisheaf 9]^j^{t)sT by versal deformations, spreading-out isomorphisms and (7t^r ° E) morphisms 
according to definition 2.2.3, are total spaces respectively of the ID-middle ground (resp. mass) vertical 
tangent bundle 

'^'MGR,S^^R,L^^'^es)MGj ^\i,L{^res)MG^'^VMG^ 

(resp. tW J0)j^Jt)M,0)^,Jt)f„r«) ) 
and of the 3D-middle ground (resp. mass) vertical tangent bundle 

(resp. Tl^lj9l,^dr)M,9%^{r)f„4^) ), 

where 

^) ^R Li^res)MG (^esp. 9^ Li''~res)MG ) basis of the vertical tangent bundle as resulting globally 

from the isomorphism Xlg (see proposition 2.1.10). 

b) 9]^ j^(tres)MG (rcsp. 9\ j^{rres)MG ) is thc total spacc of the vertical tangent bundle 

■^MGjj.i {^R,L(^res)MG, 9]i^L{tres)MG^ '''Vmg^ 
(resp. rl,^L«,.(^l,L(r-re«)MG,4,L(^-«)IfG,4Mj ) 

obtained by considering the projection of the complementary semisheaf direct products (i.e. 9\^^^{tres)MG 
(resp. 6\ L{rres)MG ) ill the vertical tangent space, according to definition 2.1.13. 

'^vlr i^^^P- '^vlr) is projective map. 



Definition 2.2.15 The generators of thc ID- and 3-D-translation groups of the vertical tangent semi- 
bundles T'mgk l ' -^mGh l ' "^Mr l ^^'-^ "^Mr l '"^^^ respectively given by the following elliptic differential 
operators: 

d 

moR,L;MG = ±ihMG TTT i 
Oto 

JlMG d_ flMG d_ huG d\ 

Ct^r;MG dx' Ct^r;MG Ct^r;MG dz j 



PR,L;MG 
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( , . hM d Hm d Hm d 

t Ct^r;M OX Ct^r;M oy Ct^r;M OZ ^ 

where Hmg and fiM are constants corresponding to the integer A'' in the " MG " and " M " unit systems. 
Hm is the Planck constant h : it recalls that the total spaces 0^i^{t)M and 0% L{r) respectively of the 
vertical tangwit scniibundlcs t|J^ ^ and ^ are quantified since they are composed of mass quanta. 

The constant c^_},^..]^j = {c-i^rip)) refers to an average value of the quotient between algebraic Hecke 
characters according to propositions 1.4.8 and 1.4.11 and gives a measure of the transformation of the 
semisheaf 0\^{r)M from the semisheaf 0}^ ^{t)M ■ c^^^-m ~ where c is the light velocity. 

An equivalent interpretation can be given to the constants Hmg and c^^-mg ■ 



Definition 2.2.16 The elliptic differential operators mo_R,L and pr^l can be directional gradients, Lie 
derivatives or covariant derivatives [B-G], [Kob]. The covariant derivative A^^^ of a semisheaf, for example 
0\^j^{r)M , along a vector field Vm is such that this semisheaf if parallely transported along a family of 
geodesies orthogonal to it with tangent vectors Vm [Dell] , [H-E] . 



2.3 Phase spaces associated to the vibrations of the three embedded struc- 
tures and the vacuum of Quantum Field Theory 

Proposition 2.3.1 To each ID- and 'iD -space-time ( ST ), middle ground ( MG ) and mass ( M ) 
semisheaf of rings corresponds a phase space which is homeomorphic to IR} x IR} or x and which 
has the structure of a F-Steenrod bundle whose basis is given by the considered semisheaf of rings. 

Proof. Let, for example, 0\i^{r)M be the 3Z)-space-mass semisheaf of rings. Then, its associated F- 

Steenrod bundle is given by {9\ ^(r, p)m, 0\ ) where 9\ j^{r,p)M is the total space and whose 

topological group is GL{3,]R) . 0% L{r,p)M = (^RLi''^)M x (^\l{p)m where the fiber 0% i^{p)m has a F- 
structure where F = IB? . This iR^-structure is given by a set of homeomorphisms IR? 9\ i^{j>)m so 
that each homeomorphism sends the action of the group G = GL{3, IR) from F = to 6^ l{p)m ■ ■ 

Definition 2.3.2 ( F-equivalent fibers of a F-Steenrod bundle) Two fibers 6\j^{p)\j and 
0\j^{p)\j will be said to be _F-equivalent if they are homotopic, i.e. if there exists a continuous map- 
ping from the one to the other. 

Proposition 2.3.3 To each ID- or 3L»- " ST " MG " or " M " F-Steenrod bundle corresponds a set 
of F-equivalent sections above a given basis related to a given frequency of vibration of this basis. 

Proof. At a given basis of a F-Steenrod bundle corresponds a set of F-equivalent fibers according to 
the definition 2.3.2 and thus a set of F-equivalent sections. 

Each set of F-equivalent sections of a F-Steenrod bundle is then interpreted as corresponding to all 
the possible vibrations of the basis at a given frequency. ■ 
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Proposition 2.3.4 The frequencies of vibration of the ID and 3D space-time ( ST ), middle ground 
( MG ) and mass ( M ) semisheaves of rings are quantified. 

Proof. The semisheaves of rings " ST ", " MG " and " M " are assumed to be defined on quanta, 
i.e. submodules of rank N . Thus, the semisheaves of rings 6\ j^{t)sT,MG,M and Oj^ i^{r)sT,MG,M are 
quantified. As they are the basis of _F-Stccnrod bundles and as a given frequency is associated to each 
basis of an F-Steenrod bundle according to the preceding proposition, we reach the thesis. ■ 

Definition 2.3.5 The mass frequency of an elementary semiparticle is an average measure of the 
vibration of all the points of the semisheaf of rings 6^^{r)M ■ From the preceding developments, it 
becomes clear that there exists a correspondence between the ranks of sections (i.e. classes of degrees of 
Galois extensions) and the integer numbers of the quantum mechanics referring to vibrations. Indeed, 
these integer numbers refer to the numbers of quanta of /x-th substates of a (semi)particle. 

Proposition 2.3.6 The [semijwave- [semijparticle duality of quantum theory results from the quantifica- 
tion of the vibration frequency (ies) of the ( ST , MG and) M [semi] sheaf (ves) of rings. 

Proof. Indeed, this duality is essentially traduced by the relations E = hv , p = hk between the 
dynamical variables related to the mass structure of the semiparticles and the frequencies of the associated 
semiwaves [Mes], [deBro]. ■ 

Remark 2.3.7 The vacuum in this algebraic quantum model is not external to elementary semiparticles 
but is composed of their AD- " ST " and " MG " semisheaves of rings which presently are unobservable 
and whose spatial extension is of the order of the Planck length ~ 10~^^ cm. The mass of a semiparticle is 
given by the 4D-" M " semisheaf of rings r)M = i(t)M U 6\ L{r)M which is generated from the 

corresponding 41)-" MG " semisheaf of rings d^^^{t, r)MG = (^R^Li^)MG^6j^^j^{'>')MG by versal deformation 
Vd{2) or Vd{2') , sprcading-out isomorphism SOT{2) or SOT{2') and 'y^^ o E or o E' morphism. 
Consequently, the composition of morphisms: 

74^, o E o S0T{2) o Vd{2) : r)MG ^ ^^7' (ire«, r.e«)MG U e^^l{t, r)M 

corresponds to the creation operator of Quantum Field Theory. 

Proposition 2.3.8 The AD- " M " semisheaf of rings of a semiparticle is observable while the AD- " ST " 

and " MG " semisheaves of rings are unobservable because the vibration frequencies of the " M " semisheaf 
is inferior to the vibration frequencies of the " ST " and " MG " semisheaves. 

Proof. The " M " semisheaf of rings, being generated by versal deformation and spreading-out isomor- 
phism from the " MG " semisheaf of rings, is characterized by a set of ranks n^i^ inferior or equal to 
the set of ranks n^i^Q of the " MG " semisheaf of rings since the codimension of the singularities on the 
" MG " semisheaf of rings is inferior to the codimension of the singularities on the " ST " semisheaf of 
rings. 



57 



According to proposition 2.3.4, the vibration frequency of the " M " semisheaf of rings must thus be 
inferior to the vibration frequency of the " MG " semisheaf of rings since: 

• the frequency vibrations of the " MG " and " M " semisheaves are quantified; 

• the sections of the " M " semisheaf are open strings covering partially from outside the open strings 
of the " MG " semisheaf. ■ 

Remark 2.3.9 (Dark energy) If the semiparticlcs arc composed of the 4D-" ST " semisheaves of rings 
L i^res , rres)sT Or of the AD- " ST ' and " MG " semisheaves of rings d\ ^ (t 

res ; ^res 

noted Ol^l{t,r)sT-MG , they are massless and unobservable and could contribute to the dark energy of 
the Universe. 

2.4 The electric chcirge and the existence of three famiUes of semipEirticles 

Let 0^l{t,r)sT-MG-M denote the three embedded 4D-semishaves of rings. 

Consider that an external perturbation generates on each section of the semisheaves of rings 

^/Tl (^i-esj ^rts)s'i' . 0\i litres ■, rres) MG and 9]^l(t,r)M an isolated degenerated singularity of corank 1. 

Then, it will bo seen that singularities of codimension 1 on 0]^ j^{t)sT-MG-M may bo interpreted as 
being at the origin of the time structure of the electric charge and that singularities of codimension 2 and 
3 on 6\ j^{r)sT-MG-M or on 6^^ i^{t)sT-MG-M are at the origin of the generation of the second and of 
the third family of elementary semiparticlcs. 

Note that the time structure of the electrical charge is supposed to be generated by versal deformation 
and spreading-out isomorphism because it must have a permanent structure on the contrary of the magnetic 
moment of a semiparticle which is generated only on the basis of the smooth endomorphism " E " as it 
will be seen in the following. 

Definition 2.4.1 (The time structure of the electric charge) Let 0)j j^(t)sT-MG-M = (^ii,L{tres)sT 
U ^)j^(tres)MG U ^^{ ^(Om dcnote the ID-time " ST ", " MG " and " M " semisheaves of rings of a 
semilepton or of a semiquark. Consider that each section of these semisheaves is endowed with an isolated 

degenerated singularity of codimension one due to an external perturbation. 

Then, the versal deformation and spreading-out isomorphism, applied to 9ji]^{t)sT-MG-M gives: 

SOT{e) o Vd{e) : ei^L{t)sT-MG-M ^ {tres)sT-MG-M U O^^Li't)^ST-MG-M 

where 0]^ i^{t)^g^_]^Q_]^ is interpreted as the time structure of the electric charge of a semilepton or of 

a semiquark; its 3D-spatial structure is given by a SD-semisheaf of rings 0| _R(^)sT-AfG-M composed of 
3D-left (rcsp. right) quanta generated by the smooth endomorphism Est-mg-m (see definition 2.2.12) 
acting simultaneously on the 3D-semisheaves of rings 0^ fj{'r)sT-MG-M of its associated semiparticle. 

-'■f ^fi Lit)^ST-MG-M represents the time structure of the electric charge of a semiquark, then the ranks 
of the " ST " , " MG " and " M " semisheaves 0}^ ^^ {t)^sT-MG-M are equal to ^ or | [L-P-F] of the ranks of 
the corresponding ID-electric semisheaves of a semilepton because the electric charge must be conserved. 

Proposition 2.4.2 Only three families of elementary semiparticles can exist in the above-mentioned math- 
ematical frame. 
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Proof. Let 0%^j^{r)'^^_j^jQ_^ = 9'R L{rres)sT U 9\j^{rres)MG U 0\ j^{r)M be the three embedded 3D- 
semisheaves of rings " ST " , " MG " and " M " of a semilepton or of a semiquark of the first family A , 
i.e. a semielectron or a semiquark "up". 

Under some strong external perturbation, each section of the 3D-semisheaves or rings " ST " , " MG " 
and " M " is assumed to have one or a set of degenerated singularities of corank 1 and of the same 
codimension cd = 2 . 

Then, the versal deformation and the spreading-out isomorphism of the three embedded semisheaves 
of rings of a semiparticle of the first family " A ", '')5^1mg-m generate the three embedded 

semisheaves of rings of a semiparticle of the second family " B " according to: 

SOT{A) O Vd{A) : ^|{,l('')s'T-MG-M ~^ ^R,Li'''res)sT-MG-M ^ ^R.l{''^)sT-MG-M 

where L(''res)5T-MG-M ^^fl l(^)st-mg-m ^presents the three embedded structures of this semipar- 
ticle " B ". 

But, if the singularities on the sections of Oj^ j^{r)g^_]^Q_j^j are of corank 1 and codimension 3, then 
the three embedded semisheaves of rings of a semiparticle of the third family " C " can be generated by 
versal deformation and spreading-out isomorphism from the remaining degenerated singularities of corank 
1 and codimension 1 on the sections of ^|j_i(?')sT-MG-M • then have: 

SOT{B) o Vd{B) : 6%l{'''%t-mg-m ~^ ^%L{i'res%T-MG-M ^ ^%l{i'%t-mg-m 

where 0%L{'>'res)''s'T-MG-M U ^R,L{'>'res)sT-MG-M ^ ^R,L{r)sT-MG-M represents the three embedded 
spatial structures of a semiparticle of the third family C . 

Finally, the corresponding 115-timc semisheaves of rings are obtained from the Sl^-semisheaves of rings 
by the morphisms (7r->t ° E) (see definition 2.2.3). ■ 



Remark 2.4.3 As the three embedded semisheaves of rings of semiparticles of the second and of the third 
family are supercompact by construction, they are highly distorted. Consequently, the three embedded 
structures of semiparticles of these families B and C are highly unstable which explains their rapid decays. 



Proposition 2.4.4 The heavy semiquark of a given family can be obtained from the lighter semiquark of 

the same family by versal deformation and spreading-out isomorphism of the singularities of corank 1 and 
codimension 1 on the sections of the three embedded semisheaves of rings of this lighter semiquark. 



Proof. Let lir) st-mg-m ^'^ three embedded 3-D-spatial semisheaves of rings of a light semiquark 
of a given family " A ", " S " or " C ". Assume that the sections of 6'|_^(r)^y^ 

mg-m ^'^^ endowed 

with singularities of corank 1 and codimension 1 under some external perturbation. Then, under versal 
deformation and spreading-out isomorphism, 6\ l{''')''st-mg-m transformed according to: 

SOT{Li) o Vd{Li) : 0\l{'<'%t-mg-m ~^ ^%L{'''res%T-MG-M ^ (^R,l{^)st-mg-m 

where L{'''res)^sT-MG-M ^ ^R l{''')st'-mg-m represents the three embedded 3Z)-scmishcavcs of rings 
of the heavier semiquark. The corresponding ID-semisheaves of rings are obtained by the (7r->t ° E) 
morphism. ■ 
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Remark 2.4.5 As the middle ground ( MG ) and mass { M ) structures of semiparticles are generated 
from the space-time ( ST ) structure by versal deformation and spreading-out isomorphism, we shall not 
consider that the creation of these " MG " and " M " structures correspond to an axiom which, otherwise, 
would have been an homotopy axiom according to M. Atiyah [Ati3] . 

3 Bialgebras of von Neumann, probability calculus and quantifi- 
cation rules 

The main purpose of this chapter is to introduce the bialgebras of von Neumann and to restore in this 
manner the classical probability calculus in quantum theories dealing thus with the sixth problem of 
Hilbert which consists in the ontological meaning of the theory of probabilities. 

In this context, the spectral representation of a (bi)operator is explicitly given as: 

• corresponding to the representation of the general bilinear semigroup GL2(n){^ R x Al) in the 
Gr{^r) X Gl{^ l) bisemimodule {Mr (g) Mi) where Mh^l is 3(n)-dimensional; 

• resulting from the representation of the Lie algebra Ql2(n) (A _r x A i) of the general bilinear semigroup 
GL2(^n){^R X Al) in the shifted Gr{Aii) x Gl(A l) -bisemimodule (M^ (gi M£) which is a perverse 
bisemisheaf. 

As our objective is the study of the space-time structure of elementary particles which become bisemi- 
particles in this mathematical frame and as a massive bisemiparticle is composed of a left and a right 
semiparticle whose structure is given by the three embedded structures " ST " , " MG " and " M " , we 
shall have to consider a bialgebra of von Neumann on each of these three structures. 

3.1 Hilbert, magnetic and electric bilinear spaces 

Wc thus begin this section by introducing the structure of a massive bisemiparticle and the space on which 
it is defined. 

Definition 3.1.1 (Structure of a massive right and left semiparticle) The three embedded 4Z>- 
structures of a right and a left semiparticle, i.e. essentially of a semilepton or of a semiquark, is given 
respectively by the three embedded right 4D-scmishcavcs of rings 

^]r'(*. r)sT-MG-M = ^k"^*. r)sT U 0]^\t, r)MG U r)M 

and by the three embedded left 4Z)-semisheaves of rings 

Oi'^it, r)sT-MG-M = el-^{t, r)sT U e^-^it, r)MG U e]-^{t, r)M 

as developed in chapter 2, section 2. 

As e'R^l{t,r)sTr\6'R^l{t,r)MG = , &'R,l{t,r)sTr\9'R^l{t,r)M = and ^fl7i(i,r)MGn^]j;^(t,r)M = , 
we shall envisage the direct sum of the three embedded semisheaves " ST " , " MG " and " M " : 

®R,L ■■ d]^l{t,r)sT-MG-M 6]^l{t,r)sT e 9'^R^t{t,r)MG e e^^l{t,r)M 

noted 9^^l{t,r)sT®MG®M ■ 

9l^l{t,r)sT®MGeM is then defined on 3 embedded topological spaces of dimension 4. 
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Deflnition 3.1.2 (Structure of a massive bisemiparticle) Massive elementary stable objects of 
Nature are in fact biobjects, i.e. bisemiparticles according to axiom II 1.3.9. Their space-time structure is 
crudely given by the tensor product between the three embedded right and left 4£)-semisheaves of rings: 

which allows to generate interactions between the right and left structures, i.e. between the right and left 
" ST ", " MG " and " M " semisheaves of rings. 

Consider the condensed notation Oj^.gj, for e^-'(i,r)sT . 

This tensor product then develops according to: 

^{t,''')sT®MG@M (S) O]^ ^{t,r)sT@MG®M = ^%ST®MG®M ® ^L;STBMG®M 

= {^R;ST ® ^R;MG ® ^R;m) ® (^i;ST ® ^L;MG ® ^L;m) 

= K;ST ® Oi.sT) ® K;MG ® Oi.MG) ® K;M ® ^i;M) 

®{Or;ST Oi,MG) ® K-MG ® Oi.Sr) ® K;ST ® ^i;M) 
®{Or;M ® Ot.sT) ® K;MG ® OI.m) ® K;M ^i;MG) 

where the three first tensor products refer to the " ST " , " MG " and " M " structures of the considered 
bisemiparticle while the six other tensor products refer to the interactions between the right and left 
" ST ", " MG " and " M " structures. 

Definition 3.1.3 (Duality of semisheaves) Let Mn and M^ denote a right semisheaf dj^-sT ' ^r-mg 
or 0%.M and a left semisheaf O'l.grp , 9\.j^q or O^.j^ . 

Their tensor product is given by the bisemimodule {Mr^Ml) which decomposes under the blowing-up 
isomorphism Sl (see proposition 1.3.2) into the direct sum of 

a) the diagonal bisemisheaf {Mr (g)£) Ml) , 

b) the magnetic bisemisheaf (M^ ®magn Mf) , 

c) the electric bisemisheaf (M^ ®c\cc Mj^ ) , 

whore is a 3-D-spatial subscmishcaf and where is a ID-time subsemisheaf. 

For the facility of notations, (M^ ®magn Mf^) will be written {Mr ®rn Ml) and 

(M^"^'^^ Oeiec mI~^^^) will be written {Mr ^eML) . 
If we consider the projective linear map: 

PL : Mr lSiD,m,e Ml ^ Mr(^p)/^^ ^l 

of the right semisheaf Mr onto the left semisheaf Ml with respect to the diagonal, magnetic or electric 
metric, then Mr(^ p) is the dual semisheaf of Ml and is called a coleft semisheaf whose elements are coleft 
differential functions. 

But, if we take into account the projective linear map 

PR : Mr ®D,m,e Ml ^ ML{p)/o,m.eR 

projecting the left semisheaf Ml onto the right semisheaf Mr , then Ml[p) is the dual semisheaf of Mr 
and will be called a coright semisheaf whose elements are coright functions. 
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Remarks 3.1.4 1. The " ST ", " MG " or " M " diagonal (bi)structure of a bisemiparticle is thus given 
by the diagonal bisemisheaf Mj^^py^i^ (resp. M^^^^py^fi ) constituted by the diagonal tensor product 
between the left (resp. right) semisheaf Ml (resp. Mr ) of the left (resp. right) semiparticle and the 
projected right (resp. left) semisheaf Mj^^fp) (resp. Ml(^p) ) of the projected right (resp. left) semiparticle. 

The projected right (resp. left) semisheaf Mp(p) (resp. M^fp^ ) is thus called a coleft (resp. coright) 
semisheaf and the projected right (resp. left) semiparticle is then called a coleft (resp. coright) semiparticle. 

2. The following developments about bilinear Hilbert spaces concern the bisemisheaves (Mjj (g) Ml) as 
well as the Grxl{^r x A i,)-bisemimodules {Mr (g) Ml) on which they are defined. 

Definition 3.1.5 (Algebraic external Hilbert, magnetic and electric bilinear spaces) 1. By 

the projective linear map pl (resp. pr ), the diagonal bisemisheaf {Mr (^p, Ml) is transformed into 
Mr{p)/dL (resp. Ml(p)/ijr )■ If we endow MR(^py^L (resp. Ml(^p)/or ) with an external scalar product 
characterized by an euclidian metric of type (1, 1) , < a,/3 < 3 , then we get a left (resp. right) 
external bilinear Hilbert space noted HI (resp. Hr ) [Pie4], which is of algebraic nature. 

2. Similarly, the projective linear map pl (resp. pr ) transforms the magnetic bisemisheaf {Mr (gj^ Ml) 
into a left (resp. right) external bilinear magnetic bisemisheaf MR(^py^L (resp. Ml(p)/^r ) which 
becomes a left (resp. right) external bilinear magnetic space, noted y^'" (resp. V^'" ), if it is endowed 
with an external magnetic product {4>R{p),4'L)m (resp. (4>L{p)j<pR}m ) defined from {Mr(^p) y-mMp) to C 
(resp. from {Ml{p) Mr) to C ) and characterized by a noneuclidian magnetic metric , V a 7^ /3 , 
1 < a,/? < 3 , of type (1,1) . 

3. The electric bisemisheaf {Mr ®f. Ml) is transformed by the projective linear map pL (resp. pr ) into 
the left (resp. right) external bilinear electric bisemisheaf MRi^py^p (resp. Ml(p)/^r ) which becomes 
a left (resp. right) external bilinear electric space, noted V^'" (resp. V^'" ), if it is endowed with an 
external electric product {4>R{p),4>L)e (resp. {4>l{p)i4>r) e ) defined from {Mr(^p-^ x^Ml) to C (resp. from 
{Ml(p) Xe Mr) to C ) and characterized by a noneuclidian electric metric of type (1, 1) with a = 
and 1 < /3 < 3 or with l<a<3and/? = 0. 

Proposition 3.1.6 The left and right external bilinear Hilbert spaces Hp and Hr are characterized by 
bilinear orthogonal AD -basis while the left and right external bilinear electric and magnetic spaces are 
characterized by 3D-basis. 

Proof. 1. The bilinear Hilbert spaces HI and Hr are characterized by 4Z)-orthogonal bilinear basis 
since they result from the diagonal bisemisheaf {Mr 0£) Ml) ■ 

2. The electric basis is three-dimensional and not six- dimensional because the set of electric basis bivectors 
{e° (g) //3}|=i are orthogonal to the electric basis bivectors {e^ (g /o}|=i ; indeed, we have that ((e'^)* (g) 
//3, {e^)*®fo)) = implying ((e")*, fo){{e'')*, fp) = since ((e^)*, /o) = {{e^)*,M) = , with 1 < /3 < 3 , 
by hypothesis on the electric metric. 

3. Similar conclusions are obtained for the external bilinear magnetic spaces Vj^'" and V^'" . ■ 
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Deflnition 3.1.7 (Algebraic internal Hilbert, magnetic and electric bilinear spaces) Let Bi : 
^R{p) (resp. Bn : Mj^i^p-^ ) be the bijective linear isometric map from M^^^p-^ (resp. M£,(p) ) 

to Ml (resp. Mn ) mapping each covariant element of Mjk^p) (resp. M^^p) ) into a contravariant element 
of Ml , noted Af^H (resp. of Mjt , noted Mji^ ) as introduced in proposition 1.3.6. 
Then, Bl (resp. Br ) transforms: 

1. the left (resp. right) external bilinear Hilbert space HI (resp. ) into the left (resp. right) internal 

bilinear Hilbert space (resp. H~ ) in such a way that: 

a) the bielements of W+ (resp. W~ ) are bivectors, i.e. two confounded vectors; 

b) each external scalar product of HI (resp. H^ ) is transformed into an internal scalar product 
defined from Ml^ Xd Ml (resp. Mr^ x d Mr ) to C . 

2. the left (resp. right) external bilinear magnetic space Vj^'"^ (resp. V^'"" ) into the left (resp. right) 

internal bilinear magnetic space Vj^.^ (resp. V^^.^ ) in such a way that the external magnetic product 
of y^'" (resp. V^'" ) be transformed into an internal magnetic product defined from Ml^^ x „ Ml 
(resp. Mrj^ Xm Mr ) to C . This internal magnetic space V^.^ (resp. V~.^ ) is characterized by a 
noneuclidian metric of type (0, 2) , V a ^ /3 , 1 < a, /3 < 3 . 

3. the left (resp. right) external bilinear electric space V"^'" (resp. V^'°' ) into the left (resp. right) internal 

bilinear electric space Vgi^ (resp. V~g^ ) such that the external electric product of V^'" (resp. V^'" ) 
be transformed into an internal electric product defined from x e Ml (resp. Mr^ x e Mr ) to 
C . 

Definitions 3.1.8 (1. Algebraic extended external bilinecir Hilbert spaces and ) Let 
Mr and Ml denote respectively the 4£)-right semisheaf and the 4£)-left semisheaf. Then, we consider on 
the noneuclidian bisemisheaf Mr (g) Ml the projective linear map: 

PL --Mr^Ml Mpf^py^L ( " c " : for complete) 

or pr: Mr® Ml -> Ml(p) /^r 

of the right (resp. left) semisheaf Mr (resp. Ml ) on the left (resp. right) semisheaf Ml (resp. Mr ). 

If we endow the bisemisheaf Mr(^ p) /^l (resp. Ml( p) /^r ) with a complete external bilinear form defined 
from Mr(^p) X Ml (resp. Ml{p) x Mr ) to C , we get a left (resp. right) extended external bilinear Hilbert 
space HI (resp. Hf^ ) characterized by a nonorthogonal basis. 

(2. Algebraic extended internal bilinear Hilbert spaces and H~ ) The left (resp. right) 
extended external bilinear Hilbert space if£ (resp. Hp ) is transformed into the left (resp. right) extended 
internal bilinear Hilbert space H^ (resp. H~ ) by means of a bijective bilinear isometric map Bl (resp. 
Br ) from Mfl(p) (resp. Ml(p) ) to Ml (resp. Mr ). 

The complete external bilinear form of H^ (resp. Hp ) is then transformed into a complete internal 
bilinear form of H^ (resp. H~ ) . 

Definition 3.1.9 (Analytic Hilbert, magnetic and electric bilinear spaces) Let Xp be the 

analytic semivariety associated to the semispace OSkr^l '^^^ l^t Mp be an analytic semisheaf on Xp . 
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From the complete, diagonal, magnetic or electric tensor product between the right and left semisheaves 
Mf^ and M£ , we can construct by application of the composition of maps B^opi^ (resp. op^ ) on the 
bisemisheaves M£ , (g)£) M£ , (g)„ M£ or (g)e Af£ an analytic left (resp. right) internal 
bilinear extended Hilbert space H'^ (resp. HJ^ ): 



Bl°Pl 



{Ml,, Mi} > Mi,® Mi Mi^^MicH, 



r+ 

h 



Bnovn ^ MI,^®Mi,CH- 



h 



an analytic left (resp. right) internal bilinear (diagonal) Hilbert space (resp. H 
{Mi,, Mi} > Mi,®DMi Mi^®DMicH+ 



Bnopn ^ Mi,^®DMi,Cn^ 

an analytic left (resp. right) internal bilinear magnetic space V^.^ (resp. V~.f^ ): 
{Mi,, Mi} > Mh®mMi Mi^®mMicV+.^ 

Bnopn ^ Mi,^®mMi,CV-.^ 

an analytic left (resp. right) internal bilinear electric space V^f^ (resp. V~f^ ): 
{Mi,, Mi} > Mi,®, Mi M£«®eM£cK+ 



B«op« Mi,^ Mi, c V-^ 

All these internal bilinear spaces are endowed with the corresponding internal bilinear forms in complete 
analogy with which was developed in definition 3.1.7. 



Definition 3.1.10 (Diagonal, complete, magnetic and electric products of right and left Eisen- 
stein cohomologies) In chapter 1, section 1, right and left Eisenstein cohomologies Hi, j^{d Skr,l ) Mr^l) 
defined on the right and left semispaces d Skr^l and associated to the generation of the right and left 

semisheaves A'//j.l were studied. 

This allows to generate a diagonal, complete, magnetic or electric bisemisheaf 
AfK<8(D),m,e^i on 9 Skr X(_D),m,e9 Skl by the diagonal, complete, magnetic or electric product of right 
and left Eisenstein cohomology groups: 

^fx(„),_L : Hi,{dSK^,MR)X(D),m.eHl{d^K,M) 

Proposition 3.1.11 The bilinear Eisenstein cohomology 

^RX(^D),m.,eL ^ {D) ,m.,e 9 S k l , ^ r ® f^jj) M l) 

associated to the coefficient system Mr ®(D),m,e Ml decomposes into sum of products of one- dimensional 
eigenspaces according to: 
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^RX(D),m,eL ^Kr 'X (D) ,m,e <^ S k l ^ R ® {D) ,m,e ^ l) 

where the sum over le , 1 < £ < n , refers to the decomposition of the n'^^^ -dimensional bisemisheaf Mr (g) 
Ml into products of 1-dimensional subsemisheaves M^' ® M^f on the representation of GL2^{Aii x Al) 
[Pie9]. 

Proof. This immediately results from proposition 1.1.22 and from the reducible Langlands program 
developed in [Pie9] in such a way that 

n 

Rep(GL2n=2i+...+2,+...+2„ {Anx Al)) = Rep GL2, {ArxAl). - 

Definition 3.1.12 (The analytic de Rham cohomology) As in the algebraic case, the analytic co- 
homology H*{Xf^ j^,Mjf^ j^) can be computed through the analytic de Rham complex. 

We can also define a diagonal, complete, magnetic or electric product of right and left analytic coho- 
mology groups: 

^Rx,o,„n,eL ■■ H*{X^j„MI,)x^n),m,eH*iXl,Ml) 

HRx^r,),m.,eLi^R ><{D),m,e XI, Mfi^(^L>),m,e Ml) 

with coefficients in the respective product <S)(£)),m,e of the analytic semisheaves and M£ . 
Proposition 3.1.13 There is an isomorphism: 

H*Rx^^^^ ^l{Xr X(D),m,e ^L^Mr ®{D),m,e ^1) 

~^ HRx^D),m,eLi^ ^ (D),m,e 9 Skl ) ^R ®{D),m,e ^l) 

between products of Eisenstein cohomologies and analytic de Rham cohomologies. 

Proof. According to Grothendick [Gro3], there is an isomorphism between the de Rham cohomologies 
of 0*-smooth differential forms with respect to d Skr,l ^"^^ -Xr,l '■ 

leading to the following isomorphism 

H*{d SKR,,,Mn,L)^H*{X^j,^^,Ml,^^) 
and thus to the thesis. ■ 
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3.2 Bialgebras of Von Neumann 

Definition 3.2.1 (Diagonal, complete, magnetic and electric products of operators) 1. Let 

{Ml^ ®(D),m,e ^l) (resp. {Mr^ ®{D),m,e ^r) ) be the algebraic diagonal, complete, magnetic or electric 
bisemisheaf respectively of the left (resp. right) algebraic internal diagonal Hilbert, extended Hilbert, 
magnetic or electric bilinear space Ti^ , , V^.^ or . 

Similarly, let (M£^0(£))^„^eM£) (resp. (M^^(8)(£))_„^e-^^) be the corresponding analytic bisemisheaves 
of the analytic bilinear spaces Ti^ , , V^.^ or V^^^ . 

2. Consider the diagonal, complete, magnetic or electric tensor product between a right and a left elliptic 
(linear differential) operator Dr and acting respectively on a right and a left algebraic or analytic 
semisheaf M^^l or m'^^^ and M<^^^ or m'^^I of H±„ , H^^ , y±,_„ or V^^^^ : 

{Dn, DLHMi'l M^} ^ {Dn ®iD),m,e DL){M'j^l ®(Z3),™,e mW) 
{Dr, Dl}{M'^^Im'^^^} ^ {Dr <^(n),m,e Dl){M^rI ^iD),m,e W) ■ 

The index [Ati3] of a diagonal, complete, magnetic or electric product of a right and a left elliptic operators 
is given by: 

7rxl{Dr (g)(r,),„,e Dl) = 7r{Dr) x jl{Dl) 

taking into account that ^r,l{Dr^l) is the index of a right (resp. left) operator. 
Furthermore, we have that: 

1r,l{Dr ®{D),m,e Dl) = dimKer(£>i{ <»(^D),m,,e Dl) - dim co Ker(2:)ii <»(^D),m,,e Dl) ■ 

3. If the complete, diagonal, magnetic or electric tensor product between a right and a left operator is 
bounded and has a finite-dimensional kernel and cokernel, then it is a complete, diagonal, magnetic or 
electric Predholm bioperator, noted (Tp^j ®{D),m,e'^FL) ■ 

4. Let j^R^Li^R^) denote the algebra of right (resp. left) bounded operators Tr^l acting respectively on 
the right or left semisheaf Mj^^ or M^*^ . 

Then, the algebra of right (resp. left) self-adjoint bounded operators Tr^l acting on H^i^ , H^f^ , V^.^ ^ 
or Ktj. ^ill be noted J ' ^IdKh) ^ ^I,L(K^;a, J or CIl{V,%jJ while the bialgebra of diago- 

nal, complete, magnetic or electric tensor product of a right and a left bounded operators {Tr® (^dj ^n p TL) 
acting on the corresponding bilinear spaces will be noted '^RxoLi'^a h) = ^R^D^LiTi-^ i^) , ^RxL(^ah) ' 

^Rx,nLi^m;a,h) Or ^RXeL(^^a,h) • 

Lemma 3.2.2 The bialgebra ^rxolC^u) abelian. 

Proof. Considering that is characterized by a diagonal metric, the bialgebra ^RxoLC^t) must then 
be abelian. ■ 

Definitions 3.2.3 (1. Self-adjointness) Consider that the right and left bounded operators Tr and Tj, 
are self-adjoint, i.e. that we have Tr = tI = Tl ■ 
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A left and a right involutions are then defined by: 

iL : Tl^tI=Tr, 
iR : Tr^tI = Tl. 

The physical interpretation of the self-adjointness consists in the fact that the action of the self-adjoint 
operator Tr on the co-left semisheaf M^^ is equal to its antiunitary involutary action on the left semisheaf 
Ml . 

The mathematical origin of the self-adjointness results from the fact that the ccntralizcr of the co-left 
semimodule M^j^ is Zo{L~) while the centralizer of the left semimodule Ml is Zo{L^) according to [Pie4]. 

(2. Complete, diagonal, magnetic or electric norm topologies) The complete, diagonal, magnetic 

or electric norm topology on {Tr 'E)(D).m,e Tl) will be given by: 

\\Tr ®(D),m,e Tl\\ = sup — V S Ml^ , \/ IpL ^ Ml 

where (•, ■)(D),m.e is respectively a complete, diagonal, magnetic or electric internal bilinear form as intro- 
duced in definition 3.1.7 and characterized by a complete, diagonal, magnetic or electric metric. 

(3.) A weight on the algebra £^ L^-^a) is given by the positive bilinear form (Trt/il^, i/'l) or {iPlrjTliIjl) 
which is a map from j^{Mlj-, x Ml) into C for every section ipLn •= Ml„ and ipL <= Ml ■ 

Similarly, a weight on the bialgebra (£|^(g)£f is given by the positive bilinear form {Tr^I^Lr^Tl^I^l) 

which is a map from (£f (Ml^) Cf{ML)) into C for all Tr^l e C%l ■ 

Proposition 3.2.4 The extended bilinear Hilbert spaces H^f^ are the natural representation spaces for the 
algebras and the bialgebras of bounded operators. 



Proof. The representation of a group G in a linear Hilbert space h is an application such that to each 
element g of G corresponds a linear operator T{g) . In the finite-dimensional case, T{g) is defined by a 
matrix of Mn{K) . 

On the other hand, the enveloping algebra M^ of the semimodule Mjj"^^ is given by 

where Mj^^ (resp. M^^ ) must be considered as the opposite algebra of M^^^ (resp. Mj^^ ). 

If M^^j^ is a projective right (resp. left) semimodule of dimension n , then M^^j^ ~ A ^ and we have: 

Aff,) ~ EndA^xA JM^'^) ~ EndA„xA J((Ak x A^)") = M„(Afl x A^) 

where M„(A rx Al) is the ring of matrices of order n over Ar x Al ■ 

The homomorphism Em" '■ -^ij"/, Mn{AR^L) is the n-dimensional representation of M^j^^j^ . 
As the extended bilinear Hilbert space H^^^ is composed of a bisemisheaf defined on a bisemimodule 
{M^^iS)M^^) or {M^^ <S)M^^) which is an enveloping algebra isomorphic to M„(Afl xAl) ,we have that 
H^^ is the natural representation space for the algebras and the bialgebras of bounded operators acting 
on the above defined semisheaves or bisemisheaves. ■ 
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Deflnition 3.2.5 (Algebras and bialgebras of von Neumann on extended bilinear Hilbert 
spaces) 1) A right (rcsp. left) algebra of von Neumann M^'^(i7^^) in the representation alge- 
braic or analytic extended bilinear Hilbert space H^f^ is an involutive subalgebra of ^^(if^^) having a 
closed norm topology. 

2) A bialgebra of von Neumann M^^^(iJj"^) in the representation space iJ^^ is an involutive subalgebra 
^RxLi^ah) having a closed norm topology. 

3) A bialgebra of von Neumann M»'^'^ JH± J , M^^^^JF^^ J or M "'^^^ Jy±„_ J is an involutive sub- 
algebra of respectively C^,,^Li'^^,h) . '^Ix„L(K^;a,A) ^Rx.LiK%,h) having a closed norm topology. 

Proposition 3.2.6 Between the algebraic and analytic von Neumann algebras and bialgebras, we have 
the following isomorphisms: 











M'kxLiH^)^ 












M'hx^LiV^.J 




^^RXeL-^RXeL ' 


M^X.L(Kfa)- 





Proof. This results immediately from the isomorphisms between the Eisenstein and the analytic de 
Rham cohomologies according to proposition 3.1.13. ■ 

Definitions 3.2.7 (Shifted actions of (bi)operators on the functional representations of (bi)linear 
semigroups) 1) Let Tr^l € M'}^ j^{H^) be a right (resp. left) bounded linear operator of the algebra 

of von Neumann Li^h) ■ assumed that this operator Tr.l is a differential operator of the 

form Tn^L = J2J2 CmrU^ where U is the unitary translation operator. This operator is supposed to be a 

n r 

regular representation of the discrete compact triangular semigroup Tj*j(C ) (resp. Tm(C ) ) in the extended 
bilinear Hilbert space such that T^{C) (resp. Tm{C) ) acts on the right (resp. left) n-dimensional 
semisheaf M^^j^ of Hf^ with m < n . 

Similarly, let (Tr ^Tl) be the tensor product of a right and a left bounded linear operators acting on 
the bisemisheaf of the extended bilinear Hilbert space . So, {Tr^Tl) belongs to the bialgebra of von 
Neumann M^^^^l-ff/j^) • This bioperator (Tr ®Tl) is supposed to be the regular representation of the 
product GLm{C x C ) = T^(C ) x r„(C ) of the compact semigroups T^{C) and r„(C) . 

2) More concretely, a differential bioperator (Tr (g) Tl) , being the regular representation of GLm{C x C ) 
in a bisemisheaf Mr (g) Ml on a GLn{Aji x A i)-bisemimodule Mr (E) Ml , has a representation in the 
bilinear Lie algebra gimi'C x C) of the bilinear Lie semigroup GLm{C x C) . Then, the action of the 
differential bioperator {Tr ®Tl) on the bisemisheaf Mr (g) Ml is equivalent to: 

a) consider a shift in (m x m)-dimensions of the bisemisheaf Mr® Ml constituting a functional represen- 
tation of the bilinear Lie semigroup GLn{AR x Al) leading to the homomorphism of the functional 
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representation of the bihnear semigroup: 

Tr(^Tl: Mr(^Fl= FRep(GL„(A rxAl)) 

. M^„[„] ® M^^[„] = FRep(GL„[„] ((A ^ C ) x (A ^ ® C ))) 

where F'Rep{GLn[m]{{^ r <S)C) x {A^ ^ C)) denotes the functional representation of the bilinear 
semigroup GLn{AR x Al) shifted in (m x m) dimensions. 

b) map Mr® Ml in the bisemisheaf ^Rn{m]®-^Ln[m.] shifted in (m x m) dimensions such that Af^„[„] ® 
^Ln[m] ^ perverse bisemisheaf, i.e. an object of the derived category D{Mr (g) Ml,C) [Piel2]. 

^Rn[m] ^Ln[m] "^^^ written in condensed form M^ M£ . 

3) Similarly, we have on the bilinear subsemigroup K^^j^.^{Z p^) the following shifted action resulting 
from the action of the differential bioperator: 



= (Zj, C 2) X [C/T^[„]Z C ) X C/T„[„] (Z C )] 



where 



0C) = £>„(ZpJ X 



such that (C^) is the subgroup of diagonal matrices of order n shifted in m dimensions, i.e. 

whose elements (C^) are 











V 



m 



V 



n — m 



The m shifts of (i„[„](C^) arc the squares of the infinitesimal generators of the Lie algebra of the 
diagonal subgroup Dm{^) of order m . 

UT^^ra]{'^pq C) = C/T„(Zpg) X ?7T„[„](C) 

such that the shifts in m dimensions of t/T„[j„](C ) correspond to the generators of the nilpotent Lie 
algebra. 



4) Under the action of [Tr Tl) , the functional representation of the bilinear parabolic subgroup 
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Pn{k i,T^ X A lt^) is shifted in (m x m) dimensions according to: 

Tr^Tl: FRep(P„(A^T x A^t )) = FRep(£»„(AiT x A^t ) x [UT^{Alt ) x C/T„(AiT )]) 

^1 V V V V V 

> FRep(P„[„]((AiT ®C) X (A^^^ 0C))) 

= FRep(Z)„[„] ((A ® C ) X (A ® C )) [?7T*[„] (A ® C ) x t/r„[„] (A C )]) 

where: 

^nM (A O C ) = D„(A ) x Z)„[„] (C ) . 
3.2.8 Shifted Shimura bisemivariety 

Under the action of the differential bioperator (Tr ® Tl) , tlic functional representation of the Shimura 
bisemivariety SS';^;^ given by the bisemisheaf M/j (g) = FRep(i9 5*^0 ) = FRep(P„(A^r xA^r )\ 

GLn{AR X Kl) I ^ijxL;n(^pg)) shifted in (m x m) dimensions according to: 

Tr(^Tl: Mr(^Ml= FRep(dSKD ) > M%<^Ml= FRep(95^D ) 

where the shifted Shimura bisemivariety dSj^n ^ ^ ^ is given by: 

^'^^S.LMmi = ^n[m](AiT ® C) X (A^T ® C))\ 

GL„((A H ® C ) X (A i ® C ))/ ii-^xLjnM (Zpg ® C ^) . 

Proposition 3.2.9 The semimodules M^^^ , ^ and ^ have a basis of dimension i = t corre- 
sponding to the upper degree of the Galois extensions. 

Proof. Under the automorphisms aR^L of the algebraic semigroup T^{Ar) (resp. T„(A l) ), the semi- 
module MLfi,L decomposes into: 

MLn,L = MLnA'^R,L) 

where the number t of automorphisms is the degree of the Galois extension. 

Now, under the cross action of T'*j^j(Ai{ C) (resp. Tn[m]{^L C) ), the semimodule M^^^ 
decomposes into: 

ME„,,= eMl^JaR,L) 

where the number of cross automorphisms is also t , corresponding to the same upper degree of Galois 
extension as for the semimodule M^^ . 

So, the semimodules M^^^ and ^ have a basis with the same dimension i = t . 

Referring to the isomorphism between the Eisenstein cohomology and the analytic de Rham cohomol- 
ogy, it appears that the semisheaf ^ must have a basis {e^ with the same dimension i = t 

as the algebraic basis {e^ L{a)}i=i semisheaf ^ . ■ 
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3.2.10 Shift of the Eisenstein bicohomology 

Let (Tfl ® Tl) be the tensor product of bounded differential operators of the von Neumann bialgebra 
M^j^^(ff^) . Its shifted action on the bilinear Eisenstein cohomology will be: 

such that ff^xi('' ■) decomposes into the double sum , associated to the places with multiplicities 



m^n of the semifield (or ), according to: 



where 

= ((A 0C) X (A^^^ C ))\ ((A H«)C) x (A^ C ))/£>„[„] (Z J,, C') 

following the notations of definition 1.1.11. 

The coefiicient system given by the Lie algebra cohomology H*(uj^n (g) Mf) decomposes 

Rx L]n[m] 

according to the cosets of GL„[„]((Afl C) x (A j, C))/ K^^^.^^^^{Z (Xi C^) generating the set of 
subrepresentatives {M^^ M,°^_ on GL„[„] ((A r C ) x {A l <S) C j) . 

Note that it was proved in [Piel2] that the shifted bilinear Eisenstein cohomology H'^^j^{dS , 

R X L: [n[m] 

M]^0 Ml) is isomorphic to the adjoint functional representation Ad FRep(GL„(Afl x A^)) which corre- 
sponds to FRep(GL„[m]((A_R C) x (Al C)) where FRep(-) denotes the functional representation of 
the considered bilinear semigroup. 

Proposition 3.2.11 Applying the Kostant's theorem, we can decompose the bilinear Eisenstein cohomol- 
ogy H'^^^{dS j^o^^ ^ ^ ^, MJ|0M£) into sums of products of pairs of one- dimensional eigenspaces following: 

= Ind*^ o"'"' ''^^ ^ ®^ 

IJ, rrifj, l£ RxL;n[m] 

Then, the decomposition of the Lie algebra cohomology H^'^'^^{uj^d ,M'^'^{iJ,,m^)®M'^'^{ii,m^y) 

R'K L\n [tti] 

into sums of products of pairs of one- dimensional eigenspaces involves a decomposition of the bilinear 
Hilbert space into a tower of embedded bilinear Hilbert subspaces H^{n}\ decomposing into pairs of 
one- dimensional subspaces. 



Proof. 1. The decomposition of the shifted bilinear Eisenstein cohomology into sums of products of 
pairs of one- dimensional eigenspaces results from proposition 3.1.11. 

2. The embedded representation subspaces H^{fj,} of ~ Mr{p)/cL forms a Jordan- Holder serie for 
the homomorphism 
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of the Lie algebra H'^^j^{-,-) into the Lie algebra Qi{H'^) of the automorphisms of isomorphic to H"^ . 
We thus have a sequence of embedded bilinear Hilbert subspaces: C • • • C H^{ii} c • • • C iJ^jg} 

where 

with {v) the extended bilinear Hilbert subspace constituted by the u-th subbisemisheaf Af£^ (i')(g)M£ (i^) 
corresponding to the u-th biplace of L"^ x . ■ 

Remarks 3.2.12 In order to include the above-mentioned cases in a uniform presentation, we shall admit 
until the end of Section 3.2 that the integer " i " refers to: 

a) a Galois extension degree related to the dimension of the basis of the semimodule ; 

or b) a class of degrees of Galois extensions which corresponds to the global class residue degree fy^ (see 
1.1.4) labelling the i-th coset of GL„[„]((Ai{ O C ) x (Aj, O C ))/-^flxi,;,[m](^M (EiC^) (in this case, 
« = M )• 

Definition 3.2.13 (Random bioperators on analytic bilinear Hilbert spaces) Let Tb. <E) Tl be 

the tensor product of a right and a left bounded linear operators being the regular representation of 
GLm(C X C ) in (Mr ® Ml) ■ 

GLm{C X C) has for bilinear semigroup of inner automorphisms [Kac] IntF^ x IntF^ (see definition 
3.2.7) and has the inner conjugacy biclasses noted g'^ x g'l if the fixed bielement is of dimension 1 with 
respect to the basis of (M^ (E) Ml) in the case a) of 3.2.12. 

GLjn (C x C ) has x F^ for bilinear semigroup of modular automorphisms and has the modular 
conjugacy biclasses 7]^ x 7^ if the fixed bielement, which is a normal bilinear subsemigroup, is of dimension 
N"^ with respect to the (algebraic) basis of (M^ (g) M£) in the case b) of 3.2.12. 

The right (resp. left) bounded linear operator Tf{^i(r^^) is a random operator if it decomposes 
into a set of right (resp. left) bounded linear operators {rR,z,(flfl ^(i))} , V g'^ ^ij) € Int(F^ j^) or 

So, the tensor product {Tr{T\) ® Tl{T^^)) of a right and a left bounded linear operators is a random 
bioperator if it decomposes into a tensor product of a set of right and left bounded linear operators: 

TniT'},) ® mr'l) = {Tn{g\{i)) ® mglir'))]],,^! 
(resp. Tfi(r^) ® mrl) = {TniJ'A{^)) ® TUlUmty^, ), t>q. 

Let 

(resp. 7^,l{0 = © d'hA") ' 1 < < 9 
denote the sum of inner (resp. modular) conjugacy classes of F^ . This leads to define a sum of inner 
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(resp. modular) random operators by: 

(resp. Tg^^h'kA'}) = ® Tg^MA'^)) ), 

such that 

(resp. T^^(7^,i{i}) e M^5°'^)(if,^{i}) ), 

where M^^™^(iJ^{i}) (resp. M.^^'^°'^\h^ {{]) ) is an inner (resp. modular) von Neumann subalgebra 
referring to the i-th sum of inner (resp. modular) random operators. 

So, a tower of inner (resp. modular) von Neumann subalgebras can be intoduced by: 

^fSmi^}) C • • • cMf^(H^{i}) C • • • C Mf;i\H^{t}) 
(resp. M£°^)(if,^{l}) c • • • cM^^T''\H^{i}) C • • • C ^[^(^^(//.^{g}) ), 

such that: 

M^5^(i?r«) = M''^f{H^{j)) 
(resp. M'^^X°'^{H^{t}) = M«(i?,^(^)) ). 

v=l 

Proposition 3.2.14 Let T^^L^g'^ j^{t)) and Tii,L(s^ ^ (?"))} be two right or left inner random operators 
such that t < r . 

Then, the random bioperatorTii{g'f{^{r))^TL{g'l{r))} is an extension of the random, hioperatorTR{g^{t))® 
TL{g^{t)) corresponding to a Galois extension of degree {r — t) . 

Let Tn^Li^fi and 7^^1,(7^ l(s)) bet two right or left modular random operators such that q < s . 

Then, the random bioperatorTB,{j'li{s))(^TL{^'l{s)) is an extension of the random bioperatorTR{'yp^{q))® 
'^l{1l{q)) corresponding to a Galois extension of class of degree {s — q) . 

Proof. Indeed, gfi^ii) (resp. 7^i(«) ) is a inner (resp. modular) conjugacy class of the discrete semi- 
group Tm (C ) whose representation semispace has a basis of dimension t whose entire number t 
(resp. q ) corresponds to a Galois extension of degree f or a class of Galois extension degrees q . ■ 

Proposition 3.2.15 Let M^xL(J^ft^) be the von Neumann bialgebra of bounded self-adjoint bioperators 

on the analytic extended bilinear Hilbert space . 

Letm^^^iH^ii}) be the von Neumann bialgebra of random, bioperators on the analytic extended bi- 
linear subspace H^{i} and letM'j:^^^{Ti^{i}) be the corresponding von Neumann bialgebra on the analytic 
internal bilinear subspace H^{i} . 



73 



Then, the discrete (diagonal) spectrum a oiTni^T of a hioperator Tui^TL^Wi^^j^^H^) is obtained 
by the isomorphism,: 

where the isomorphisms i'^iy^^^ o,nd i^^o are defined by 



Proof. The isomorphism is an isomorphism transforming the bounded bioperator (TR(r^) x 

Tl{VI)) into the set of bounded bioperators (g)T£,(5(^{j'})} (resp. {Tfl(7^{i}) (g)Ti,(7^{j'})} ). 

On the other hand, the isomorphism i^.^^d is an isomorphism transforming the nonabeUan von Neu- 

mann subbialgebras {M^^^(iJ^{?})}i into the abeHan or diagonal von Neumann subbialgebras 
{M^x^(7i^{i})}i of random bioperators acting on the "diagonal" enveloping algebra . 
{M^j^^(H^{i})}i is thus the spectral algebra of the bounded bioperator (Tr ® Tl) ■ ■ 

Corollary 3.2.16 Let M.%^^^i^{H^) be the diagonal bialgebra of von Neumann on the analytic extended 
bilinear Hilbert space . 

Then, the discrete spectrum an {Tr<^dTl) of the bioperator l{H^) is obtained by 

the isomorphism: 

Proof. This proposition is a generalization of the preceding one to the von Neumann bialgebra 

The corresponding spectrum is then defined on the von Neumann bialgebra {M^j^^j;,(W^{i})}t with 
a spectrum characterized by a diagonal metric. ■ 



Proposition 3.2.17 There exists a set of spectral bimeasures {fj,R(i) x Dl^L{i)} on the spectrum aD{TR®D 
Tl) such that every bivector of the space n'tii} of the von Neumann bialgebra M^^^^(H^{i}) be an 
eigenbivector of the bioperator {Tr x £) Tt) where i is a degree of Galois extension or a class of degrees of 
Galois extensions. 



Proof. The existence of spectral bimeasures {/Xfl(i) x HL{i)} on the spectrum (Jd{Tr ®d Tl) is a 
consequence of the isomorphisms i'j-^D ° iu\ introduced in proposition 3.2.15. ■ 

Results concerning the von Neumann (bi)algebras 3.2.18 1) If the integer " i " refers to a 
class of Galois extension degrees related to a coset of GL„[m] ((A i{(8)C ) x (A l(8)C ))/-f'^ifxL n[m](^pg'^*^^) ' 
then the algebra of von Neumann M']:^^^{H^) decomposes into M^^L^^ft ) = 0M^xL(^h (0) • 

i 

The spectrum (Jd{Tr®Tl) is degenerated if there is an action of the decomposition group in the sense 
of section 3.2.10. 
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2) If the integer " i " refers to a class of Galois extension degrees related to one-dimensional coscts of 
GL„[„]((Ak C) X (Ai O C))/i4:^^^.„[„](Zp, «) C^) , then the algebra of von Neumann M^^i(i7±) 
decomposes into a direct sum of factors such that the set of integers {!,••• jQ} 3i,re the entire 
dimensions of a von Neumann (bi)algebra of type Iq . The multiplicity of the spectrum of (Tr Tj,) 
results from the action of the decomposition group as introduced in proposition 3.2.11. 

3) The spectrum of the operator l{H^) is obtained through the isomorphism: 

such that we have the embedding of the : 

W±{i}c---cW±{i}c---cW±M, 

and the development of the i-th eigenbifunction ipLaii) 'Sid € Ti-^{i} following: 

i mi 

where 

• V'iR(l) ®D V'i(l) = (^Lni'^) ®D is the first eigenfunction in W^{1} ; 

• ''pLnii) 'Sd 4'L{i) is (isomorphic to) a n-dimensional truncated global elliptic bisemimodule; 

• (f^Lftii) Sd (t>L{i) is a section of 0/) M£ e (see section 3.1.9). 

Indeed, the bioperator {Th^Tl) maps the bisemisheaf {Mr^Ml) over the GLn{A r^^A L)-bisemimoduIe 
{Mr (g) Ml) into the perverse bisemisheaf (M^ M£) over the shifted GL„[„]((Aii C) x (A^ C))- 
bisemimodulc {Mp x Af£) decomposed into sums over the conjugacy classes i with multiplicities nii 
according to section 3.2.7. Now, the Langlands program [Pie9], [Piel2], succinctly introduced in 1.1.23, 
sets up bijections between: 

• {Mr Ml) and the n-dimensional global elliptic bisemimodule (I)r{sr) 0D 4'l{sl) (see proposition 
1.1.19); 

• (M^ M£) and the n-dimensional shifted global elliptic bisemimodule ^r{sr) 0d ^^{sl) ■ 

This leads to the following proposition: 

Proposition 3.2.19 Let (I)r{sr) 0£) (Pl{sl) be a n-dimensional global elliptic bisemimodule constituting 
an analytic representation of the GLn{AR x A l) -bisemimodule Mr Ml ■ 

Let (/jrIsr) (Sd 4''l{-'^l) denote the corresponding n-dimensional shifted global elliptic bisemimodule 
constituting the analytic representation of the perverse bisemimodule M^ M£ . 
Then, the action of the bioperator {Tr ®Tl) is such that: 

{Tr Tl) ■■ (I)r{sr) 0d Msl) > 'Pr{sr) 0d <^i(SL) • 

The shifted global elliptic bisemimodule (I>r{sr) Sd ^l{^l) gives rise to the eigenbivalue equation: 

^r{sr) 0D (t>l{sL) = Aij(n, i) ■ XL{n, i){(l)R{sR) 0D (j)L{sL)) 
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rewritten following: 

{Tr Od Tl){^r{sr) On ^l{sl)) = Aij(n, i) ■ XL{n, i){(l)R{sR) Od (1)l{sl)) 

where the right (resp. left) eigenvalue XR^L{n,i) was interpreted in [Piel2] as a set of shifts in m dimen- 
sions of Hecke characters, i.e. infinitesimal generators of the considered Lie algebra. 

Proof. As the bialgebra of von Neumann M.RxL{Hh) considered as a solvable bialgebra, i.e. 

implying a sequence of embedded subalgebras: 

Ur^l{H^{1}) C • • • C MR^LiH^{i}) C • • • cMR^L{H^{q}) , 

the set of eigenvalues of {Tr (S) Tl) forms an embedded sequence: 

Afl(n, 1) • Ai,(n, 1) C • • • C XR{n, i) ■ Ai,(n, i) C • • • C Afl(n, q) ■ Xhin, q) 
in one-to-one correspondence with the set of embedded eigenbifunctions: 

^L„(l) ®D V'i(l) C • • • C V'LbW ®d ^L{i) C • • • C iPlM ®d tpL{q) , 
where V'LrC?) ®DtpL{q) is isomorphic to a n-dimensional truncated global elliptic bisemimodule given by 

i,mi=l i,Tni = l 

Proposition 3.2.20 Let ^Rxio^Li^t) complete (resp. diagonal) von Neumann bialgebra of 

bounded self-adjoint bioperators on the algebraic extended bilinear Hilbert space . 

Let M.'^^^{Ha{i}) andM.'^y.^^{H^{i}) be the complete and diagonal subbialgebras of von Neumann 
on the closed algebraic internal bilinear subspaces W„ {a} . Then, the discrete spectrum of the bioperator 
Tr (S)(r>) Tl G ^Rx^n)Li^a) obtained through the isomorphism(s) : 

Proof. This proposition is the algebraic correspondent of proposition 3.2.15 and corollary 3.2.16 and 
results from the isomorphisms between analytic and algebraic von Neumann bialgebras as developed in 
proposition 3.2.6. ■ 

3.3 Quantification rules, probability calculus, spin, PCT map and relativity 
inveiriants 

As the entire dimensions of the von Neumann bialgebras can correspond to classes of degrees of Galois 
extensions, biquanta M^^ ®D,m,eMl^ , i.e. ID-irrcducible closed subschemes of rank N'^ , can be emitted 
from (or absorbed by) the algebraic bisemisheaf {0^£^st,mg,m ®D,m,e ^l^st,mg,m) ■ 
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Definition 3.3.1 (" ST ", " MG " and " M " bistructures) Referring to the structure of a massive 
bisemiparticle as described in definitions 3.1.2 and 3.1.3, we recall that: 

Each ST , MG and M structure {6%^-st®^%-st) ' (^r-mg^^l-mg) (^r-m^^l-m) ^ bisemiparticle 
decomposes under the blowing-up isomorphism into: 

a) a diagonal bisemisheaf i6ji.sT,MG,M ®d O^st^mg^m) > 

b) a magnetic bisemisheaf {0%st,mg,m ®m 0\.st,mgm) ' 

c) an electric bisemisheaf {0^^^st,mg,m ®e ^1~st,mg,m) > 
where ST , MG , M means " ST ", " MG " or " M ". 

Proposition 3.3.2 The quantification rules of emission of biquanta on the ST (B MG ® M bistructure of 
a bisemiparticle are obtained by considering the diagonal, magnetic or electric products of the right and 
left smooth endomorphisms (Ea-sTmMGeM xd,m,e El;ST(bmg®m) applied on {d]^:gj,^j^Q^,^ i^D,m,e 
^\rST®MG®M) ^'i**' fundamental rank sets Ti%^rn,e;ST mg m ^''^^ reached. 

Proof. This proposition is an adaptation of the emission quantification rules introduced in 1.4.16 and 
in definition 2.2.12 to the " ST ® MG ® M " bistructure of a bisemiparticle. We then have 

Er-ST(BMG<BM XD,m,e El:ST(SMG(SM '■ 
fll — 3 ^ 

"R;STeiMG®M '^D,m,e ^ L:,ST®MG(BM 

~^ R;ST®MG®M ®D,m,e L;ST®MG®M)®{^^kR,sT(BMG(BM ®D,m,e ^IkL;ST(SMG(!,M) 

k 

where {Ml^,,^^^^^^^ ®D,m,e ^L-.sTmMG^M) ^"^^ 1^-time or l£)-space diagonal, magnetic or electric bi- 
quanta on the three bistructures ST ® MG ®M. ■ 

Remarks 3.3.3 1. The standard quantification rules of quantum (field) theory would be obtained by 
considering the smooth endomorphism 

fc=l 

applied on the mass (" M ") left-SI^-semisheaf of rings 0\.^ . 

2. The quantum theories work essentially with analytic functions. Due to the hypothesis considered in this 
work, namely that the quantum nature is algebraic, algebraic (semi-) sheaves of rings have been essentially 
taken into account. 

According to the preceding section, algebraic semisheaves of rings were considered as isomorphic to 
analytic semisheaves: this is among others a consequence of the (iso)morphism of J. P. Serre [Ser7]. Thus, 
if we want to reach the mathematical objects of quantum theories, we have to consider bijections between 
algebraic semisheaves of rings and analytic global elliptic semimodules following the Langlands program. 
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Definition 3.3.4 (Bispectrum of Predholm diagonal bioperators) Let (T^ T^) be a diagonal 
Predholm bioperator acting from Ti^.^^ to Ti^.j^ . 

Let {V'LK(i)<S)DV'L(i)}i=i , a < 00 , be the set of eigenbivectors of [Tr^dTl] and let {)^R{i)'>^>^L{i)}1=i = 
{^j}i=i be the corresponding set of eigenbivalues occurring with probability measures {Pa* = MiJ(i) 

Now, the probability measure Px- can be written in Dirac terminology [Dir4] following: 

^A. = (V'L«(i) I I V'L(i)) 

where (• | •) is an internal scalar product between a bra eigenvector {tpLnii) | and the total left wave 
function. 

As we are working in the frame of an orthogonal geometry with a diagonal metric, abbreviated by 
" X _D " , the eigenbivectors are orthogonal between themselves [Pie4] . 

Proposition 3.3.5 The semisheaf Ml (resp. Mr ) on the GL{^L)-left semimodule Ml (resp. the 
Gji{^ r) -right semimodule M^^ ) constitutes an algebraic representation of a left (resp. right) wave 
function which is a ket (resp. bra) vector in the terminology of Dirac. The wave function has then an 
algebraic structural interpretation in terms of algebraic eigenvectors and a statistical interpretation as 
given classically in the quantum theories. 

Proof. In the terminology introduced in definition 3.1.3, a ket vector is a left vector and a bra vector 
is a coleft vector. The bisemisheaf (g)£) Ml "at the mass level" has an automorphic irreducible 

representation in terms of global elliptic bisemimodule as developed in 1.1.14 to 1.1.20 and in 3.2.10 to 
3.2.20. 

Let {ipLnii) ® ^L{i)}i be the set of eigenbivectors of an operator Tf/ (g) Tl as defined in results 3.2.18 
and in definition 3.3.4. Then, the semisheaf Ml (resp. Ml„ ) has for spectral representation the left 
(resp. right) wave function | 4*) (resp. (^t | ) developed following: 

I *) = E'^i I Mi)) (resp. \=j:d*{M(i) I ) 

i i 

if we refer to definition 3.3.4 where di (resp. c?* ) is given by 

di = (VL«(i) I (resp. d* = (M/ I i>L(i)) ). 

Remark 3.3.6 Referring to proposition 3.3.5, wc notice that the coefficients di and d* are probability 
measures. We shall then see that the traditional calculus of probability amplitudes of quantum theories 
[B-vonN] is replaced in this context by the probability calculus with intensities. 

Proposition 3.3.7 The traditional calculus with the amplitudes of probability [Feyl], [Dir5] of quantum 
(field) theory is replaced by a calculus with intensities of probability in the context of this algebraic quantum 
theory. 
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Proof. If we realize on a bisystem, an elementary bisemiparticle for example, an observation " A ", 
corresponding to the Predholm bioperator Th^dT^ defined from Ti^.j^^ to H^.j^ , we shall obtain the 
eigenbivalue (or more exactly +-\/aJ since the associated coleft particle is unobservable) with probability 
Pa„ = {tpLnia) I ^')(* I 4'l{o)) ■ An observation " B " on the same bisystem will give the eigenbivalue 
with probability Pa, = {ipL^ib) | | V'L(fe)) • 

Thus, Px, ■ Pa„ = Pa,.a„ = I I ■>pL{b)){ipLi,{a) \ | Vi(a)) will correspond to the 

probability of two successive measurements " A " and " B " on a bisystem. 

This differs from the ordinary calculus with amplitudes of probability [Feyl] tpx^-x^ = {i^Laip) \^){^ \ 
ipLid)) of quantum theory dealing with elementary particles and not with elementary bisemiparticles as 
considered here. 

As we have Pxb-Xa — ^'A^-Aa ' V'AbAa > we see that the classical probability calculus with intensities is 
restored in quantum theory if bisystems throughout bisemiparticles are taken into account. ■ 

Definition 3.3.8 The PCT map of quantum field theory ([B-D], [Liid], [Wigl], [W-W-W]) transforms 
the fields of particles into the fields of antiparticles and vice-versa. Its equivalent in this AQT model is 
the following set of maps: 

a) Broph : Ml Mr^ , _ 

transforming the left semisheaf Ml of the left semiparticle into the (involuted) coright-semisheaf 
Mr,) ; 

h) pI'oBz'-.Ml^^Mr, _ 

transforming the coleft semisheaf Mlj^ of the right semiparticle into the (involuted) right semisheaf 
Mr . 

The maps pr^l and Br l are described in definitions 3.1.5 and 3.1.7. 

Then, the left bisemisheaf Ml^ Ml of a left bisemiparticle, associated to the left internal bilinear 
Hilbert space W+ , is transformed into the right bisemisheaf Mr, ®l> Mr of a right bisemiparticle, 
associated to the right internal bilinear Hilbert space W~ , according to: 

{pl^oBl^)^D (Br o pr) : Mlh 'Sid Ml Mr, Sd Mr . 

{Pl^ o B^^) <S)d {Br o Pr) is thus a parity time bimap whose physical meaning is given in 1.3.10. 

Mlh ® D Ml is the "physical field" of the left (bisemi)particle and Mr, (g) d Mr is the " physical field" 
of the right (bisemi)particle according to section 1.1.6. 

If the bisemiparticle is electrically charged, a supplementary set of maps (p^^ o B^^) 'Sim,e (Br opr) 
must be applied on the magnetic and electric bisemisheaves reversing then the electric charge and the 
magnetic moment; this will thus correspond to a charge conjugation. 

Note that the intrinsic parity-time of a 4£)-semisheaf corresponds to its orientation: this results from 
its generation by Eisenstein cohomology from the symmetric splitting semifield (see definition 1.1.2). 

Definitions 3.3.9 (1. Right and left 4_D-elliptic operators) As the cohomology i7* (F) of an arith- 
metic subgroup r may be identified with the cohomology of F-invariant smooth differential forms of de 
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Rham [Borl], [Gro3], we shall assume that the 41?- differential operator 

Tr,L;ST,MG,M 

I -fc jj. I ■ fiST,MG,M J I . TiST,MG,M , , . tiST,MG,M , 1 

^tnsT,MG,M ato,±i ■ ■ ax,±i ■ ■ dy,±i ■ ■ az > 

Ct^r;ST,MG,M Ct^r;ST,MG,M Ct^r;ST,MG,M J 

can apply on the 4Z)-semisheaf of rings 0^l{t,r)sT , ^^r^l^^''')mg or 0^^f^{f,r)M , 
where 

a) the " + " or " — " sign is a convention depending on the sense of rotation of the considered semisheaf 
of rings; 

b) c^^^.gj, is an average parameter equal to the ratio of algebraic Hecke characters (see definition 
1.4.10). 



On the other hand, as the semisheaves of rings 6]^ I {t, r)MG and 6]^ I {t, r)M arc the basis of the vertical 

(1—3) (1—3) 

tangent semibundles T^q^^ and ^ according to definition 2.2.14, their projective maps are given by 
the elliptic operators: 

DTii^L-MG,M 

f , .fc ^ I • f^MG.M 9 . hMG,M 9 , hMG.M 9 \ 

= i ±ihMG,M -^,±« ■ — ■ — — "5- r 

1^ Oto Ct^r;MG,M OX Ct^r;MG,M <jy Ct^r;MG,M OZ ) 

where Hmcm corresponds to the order of the global inertia subgroup respectively in the " MG " or " M " 
system of units. In particular, Hm = ^ , i-e. the Planck's constant. 

(2. Tensor products of right and left elliptic operators) Let, for example, the bioperators {Tr-st^ 
Tl-st) , (DTr-mg'SiDTl-mg) and {DTr-m®DTl-m) act respectively on the bisemisheaves {0]^^{t,r)sT'Si 
0l-\t,r)sT) , {0]i-\t,r)MG(S9l'\t,r)MG) and ie\,-'-\t,r)M®el-\t,r)M) ■ 

Then, the bioperator {Tr-st ® DTr-mg ® DTr-m) {Tl-st © DTl-mg © DTl-m) will act on the 
bisemisheaf: 

e]^^{t, r)sT-MG-M ® O^-^it, r)sT-MG-M 

= {eYHt,r)sT © e]^''{t,r)MG © e],-;^{t,r)M) 

®{e]-\t, r)sT © O^-^t, r)MG © Ol-\t, r)M) 

representing the complete massive structure of a bisemiparticle. 

According to the development of the bisemisheaf [9^^'^ {t,r)sT~MG-M® 
6^^{t,r)sT-MG-M) in direct sums of bisemisheaves as given in definition 3.1.2, the bioperator {Tr-st (B 
DTr-mg © DTr-m) O {Tl-,st © DTl-mg © DTl-m) will decompose into: 

{Tr-st © DTr,mg © DTr.m) ® {Tl-,st © DTl-mg © DTl-m) 
= {Tr-,st ® Tl-,st) + {DTr,mg ® DTl-mg) + {DTr,m ® DTl.m) 

+ {Tr,st ® DTl-,mg) + {DTr-mg ® Tl-,st) + {Tr-,st ® DTl-,m) 
+ {DTr-,m ® Tl-,st) + {DTr-,mg O DTl-,m) + {DTr.m O DTl-,mg) ■ 
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{Tr-st ^ DT^mg) has for SD-spatial off-diagonal components 

LL{k) = -i{drip'njQ + drjp'MG) > 1 < < 3 , 
and [DTr-mg ® Tl;St) has for 3Z)-spatial off-diagonal components 

Lnik) = +i{pi-MGdr^ + Pj-MGdr"-) , 

where 

a) dvi = — — dxi so that, if 1 = 1 , xt = x , 

Ct^r;ST 

1 = 2 , Xi=y , 
% — 3 ij x^ — z J 

b) Pi-MG = DTi^i) = +1- — ; 

Ct^r;MG OXi 

C) PmG = mi).:MO = -'^^ Q^i ■ 

Definition 3.3.10 (Right and left internal angular momenta) ^'L\MG{ST){k^ is interpreted as 
the components of the angular momentum vector Ll;MG{st) of the left middle-ground structure of the 
left semiparticle and Lji.MG(ST){k) is interpreted as the components of the angular momentum vector 

Lr:MG(st) of the right middle-ground structure of the right semiparticle. Thus, Ln ^MGiST) represents 
the "angular momentum" of all the sections of the right (resp. left) semisheaf of rings Or l{^)mg with 
respect to the left (resp. right) semisheaf of rings 6'| R{t)sT ■ 

Similarly, the 3Z)-spatial off-diagonal components of {Tr-st <8) DTl-m) (resp. of {DTr-m <8) Tl-st) ) 
will be Li^.M{ST){k) (resp. LR.M{ST){k) )■ Li^.M{ST){k) (resp. LR.M{ST){k) ) are thus the components 
of the angular momentum vector Ll;M{st) (resp. Lr-m{st) ) interpreted as the angular momentum of 
the "mass" structure Q\.R{r)M of the left (resp. right) semiparticle with respect to the right (resp. left) 
space-time structure 0\^(r)sT of the right (resp. left) semiparticle. 

To each right (resp. left) " ST " , " MG " or " M " semisheaf or rings corresponds a right (resp. left) 
internal angular momentum vector Lr-st,mg,m (resp. Ll;St,mg,m ) which indicates its angular velocity 
and its sense of rotation with respect to its associated corresponding left (resp. right) semisheaf of rings. 
The right (resp. left) internal momentum vector Lr^l;ST,mg,m then corresponds to the spin concept [Pau], 
[Dir3] of quantum (field) theory. 

Proposition 3.3.11 A right and a left semiparticle rotate in opposite senses and have only two possible 
spin states. 

Proof. In definitions 3.3.9 and 3.3.10, we have defined the right and the left internal angular momentum 
components of the right and the left " MG " semisheaf of rings l{''")mg by 

LR{k) = +i{pi-MGdr' + Pj;MGdr') 

and by 



81 



It is then evident that Lii{k) = —L^ik) which proves that: 

a) a right and a left associated semiparticle have opposite rotation senses; 

b) two senses of rotation can only exist for a right and a left semiparticle and also for a bisemiparticle 
since only the left semiparticle is observable in a bisemiparticle and thus only its own left internal 
angular momentum. 

Indeed, it can be remarked that the sign of LR^L{k) depends on the sign of rfr' , 1 < i < 3 , which is 
reflected by the mapping: 

of the positive (resp. negative) reals in the positive or negative pure imaginary reals. 

A left handled rotation corresponds and a right handled rotation corresponds 

to the mapping: to the mapping: 

(/>+ : {R+,R-) {lR+{+i),lR-{+i)) , 0_ : {R+,1R-) {R+ {-i), R' {-i)) . 





+iR+ 




-iR~ 




\</,+ 


r / 




R- \ 


R+ 


R- 


/ R+ 




+iR~ 




-iR+ 



3.3.12 Spin-statistics and supersymmetry 

According to proposition 3.3.11, each elementary (semi)particle has two senses of rotation: this is the 
case for: 

• the elementary leptons: e~ , , t~ and their neutrinos v^- , i^fj,- , ^t- i 

• the quarks: u+ , , s~ , c+ , 6~ , t+ ; 

• the photons. 

So, this algebraic quantum (field) theory, which does not refer to a (non)abelian gauge theory, takes 

up the spin concept differently from quantum field theories. However, it seems evident that elementary 
(semi)fermions must always obey the Fermi-Dirac statistics while the photons behave in accordance with 
the Bose-Einstein statistics since they can increase their quanta number as developed in section 1.4.16. 

Consequently, the supersymmetry, whose aim is the transformation of half integer spin particles into 
interger spin particles, does not seem essential in the present context and will not be taken into account. 
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Remark 3.3.13 (Interpretation of special relativity invariants) Let Tfi^]^.sT,MG,M 

be the right or left 4£)-differential operator acting on the " ST " , " MG " or " M " 4Z)-semisheaf of rings 

6R^Li*^'^)sT,MG,M and let 

2 , \ 2 / 2 2 2 2 2 2 2\ 

dt = {Tii.ST,MG,M,TL;ST,MG,M) = ^ST,MG,M\^^0 + '^t^r + Cj^^ dy + Cj^^ dz ) 

be their internal scalar product which is an additional structure of the corresponding " ST " , " MG " or 
" M " internal bilinear Hilbert space 'Hgj' mg m ■ 

The corresponding Minkowsky space-time differential form of special relativity [Ein2] is 

dtl = dt^ - dx^ - dy^ - c'^ dz^ . 

It is an invariant whose meaning in view of the developments of this paper can be interpreted as fol- 
lows: if we remember that the Eisenstein cohomology classes are represented by differential forms in 
bijcction with Eisenstein series, we can deduce from it that every increasing or decreasing of dt^ , 
i.e. finally of {0]^^{t,r)sT,MG,M (^d 0]^^{t,r)sT,MG,M) ' happens by external capture or loosing of 
biquanta {M^{r)sT,MG,M ®d Ml{r)sT,MG,M) throughout the smooth biendomorphism {Eii;ST,MG,M x d 
El;ST,mg,m) according to proposition 3.3.2: indeed, this corresponds to the increasing or to the decreasing 
of c-2(rf.x2 + + d^2) 

On the other hand, the euclidian invariant 

dt^ = n%T^MG,M'y'^^l + (hX{dx^ + dy'^ + dz^)) > 

valid for a closed system and essentially envisaged in this work, can be interpreted in function of the 
internal morphism {{^t:^r ° Er.st,mg,m) {lt:^r ° El;ST,mg,m)) applied on {9]^^{t,r)sT,MG,M Ob 
Ol^~^{t,r)sT,MG,M) ■ Indeed, if dt'^ is invariant, then time biquanta can be transformed into 3£>-spatial 
biquanta and vice-versa. 



4 Second order differential bilinear equations 

This chapter is devoted to the study of the differential equations relative to the bisemiparticles. It is thus 
necessary to classify the bisemiparticles with respect to the presently observed elementary particles and 
in function of their general structure as developed in the preceding chapters: this is the object of this first 
section. We shall take for reference the traditional statistical classification of fermions and bosons. 

4.1 Classification of bisemipcirticles 

Definition 4.1.1 (Bisemifermions and bisemibosons) Let {9^j^'^{t,r)sT-MG-M® 
9]^^{t,r)sT-MG-M) denote the three embedded structures of a massive bisemiparticle as developed in 
definition 3.1.2. According to definition 3.1.1, this bistructure corresponds essentially to a bisemilepton or 
to a bisemiquark, i.e. to an elementary massive bisemifermion. In definition 3.1.2, this tensor product has 
been decomposed into the direct sum of three tensor products referring to the " ST " , " MG " and " M " 
bistructures and of six other tensor products referring to the interactions between the right and the left 
" ST " , " MG " and " M " structures. Taking into account the general structure of a bisemiparticle as 
given above, we can classify the bisemiparticles in the following four categories: 
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1) An elementary massive bisemifermion has a bistructure given by {d]i'^{t,r)sT-MG-M (i> 
6]^^{t, r)sT-MG-M) whose each of the nine constitutive tensor products: {0\[^{t, r)sT®^L~^(ii '')st), 
• • • > (^ir^(*''')M "H) 6\^^{t,r)MG) , (noted in a general abbreviated form {0^£^{t,r) 6\^^{t,r)) ), 
(see definition 3.1.2) decomposes under the blowing-up isomorphism Sl into: 

a) a diagonal bisemisheaf (6][^{t,r) ®d d\^^{t,r)) giving in the case of {0^^^ {t,r) st,mg,m ®d 
0]^^{t,r)sT,MG,M) the diagonal central bistructure of the three embedded bisemisheaves of 
rings " ST ", " MG " or " M "; 

b) a magnetic bisemisheaf (^^(r)^™^ (8)m 0^{rY™^) which is composed in the case of 
(4(^)Smg,m 0m ^i(r-)iTlMG,M) of nonorthogonal " ST ", " MG " or " M " magnetic 
biquanta (M/^^^ (g)„ mI^^^ ) . 

In fact, these magnetic biquanta are generated by the magnetic smooth biendomorphism ac- 
cording to proposition 3.3.2: 

Er-ST,MG,M Xm El-ST,MG,M '■ O]^^ {t,r)sT,MG,M 0]^~^ {t, r) ST,MG,M 

[O]^^^^ it,r)sT,MG,M ^L~'^^'' it,r)sT,MG,M) 

(M^^^^ 0™ m!^^^ ) 

^ ^ KR;ST,MG,M KL;ST,MG,M ' 

fe=l 

and constitute the magnetic moment of the considered bisemifermion; 

c) an electric bisemisheaf {0^j^'''^\t,{r))^'^^ ®g 0'^^^\{t),r)'^'^^) which is composed in the case of 
(6']^7*^^(^,(r))lf|_J^^c^_j^(^e6'^'^'((*)'OsT,MG,M) of " ST", ''MG" or "M" electric time-space 
biquanta (M^f^^^ M^^^^ ) or space-time biquanta (M/^^^ OeM^^^^ ) 
such that the right (resp. left) time quanta are generated by versal deformation and spreading- 
out isomorphism SO{e) o Vd{e) according to definition 2.4.1 while the left (resp. right) space 
quanta are generated by smooth endomorphism El,R;stmgm ■ The electric bisemisheaf 

-mg-m) constitutes the electric charge of the con- 
sidered massive bisemifermion. 

2) A bisemiphoton has a spatial structure given by the tensor product {T\{rk)sT-MG-M 
Tl{rk)sT-MG-M) of a right semiphoton by a left semiphoton which can split under the blowing-up 
isomorphism Sl into: 

'^L ■ {T}i{rk)sT-MG-M 'SiTl{rk)sT-MG-M) 

{TR{rk)sT-MG-M ®D Tl(rk)sT-MG-M) ® {TR{Tk)'^ST-MG-M 0™ Tl{rk)'^g^_MG-M) 

where {T^{rk)sT-MG-M 0d T^{rk)sT-MG-M) refers to the three embedded diagonal bisections 
" ST " , " MG " and " M " representing its central space bistructure and where {T^{rk)^g'j^_]\^Q_]^'S>Tn. 
'^L{'''k)sT-MG-M) refers to the three embedded magnetic bisections of rings " ST ", " MG " and 
" M " representing its magnetic structure composed of magnetic space biquanta. 
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3) A bisemiboson of magnetic structure is an electrically neutral meson which will be proved in 
chapter 5 to be generated by a magnetic biendomorphism from a bisemiquark. In this category, 
we may also include the magnetic biquanta whose structure is given by the magnetic bisemisheaf 

i^ni''') ST-MG-M ®TO ^li''') ST-MG-m) ■ 

4) An electrically charged bisemiboson is an electrically charged meson generated from a bisemi- 
quark as it will be seen in chapter 5. In this category, we may also include the electric charge whose 
structure is given by the electric bisemisheaf: {0]^^^\t, {r))^sT-MG-M '^e ^)st-mg-m) 
where 6^~^^^ means a ID-time or 3D-space semisheaf of rings. 

Definition 4.1.2 (Annihilation of a semilepton pair) Let {9]^^(t,r)sT-MG-M'SiD 

OLl'it,r)sT^^MG-M) ® {OUr)s^lMG-M <^m el{T)t^_^G-M) © (^fl"^'^ W)sT-MG-M®e 

6\ ''^\t,r)^sx-MG-M) be the " ST ® MG ® M "-semisheaves of rings constituting the massive struc- 
ture of a bisemilepton. Under some external perturbation, a breaking of the diagonal bisemisheaves 

{0]^^{t,r)sT-MG-M ®£) '')st-mg-m) can occur such that the right and loft semisheaves are no 

more localized in some open ball of radius R where R is the radius of the topological domain on which 
the constitutive bisemisheaf {O]^^ {t,r)sT-MG-M <8i ?')st-mg-m) is defined. 

If the right and left semisheaves 9]^^{t, r)sT-MG-M and 9]^^{t, r)sT-MG-M are no more localized in 
the same open ball, a new electric and magnetic " ST — MG — M " bisemisheaf can be generated. Indeed, 
a right and a left electric and magnetic bisemisheaves, corresponding to a positive and a negative electric 
charges and magnetic moments, can exist simultaneously because they are no more orthogonal according 
to proposition 3.1.6. The result is that a pair of semileptons is generated such that each semilepton is 
endowed with an electric charge and a magnetic moment of opposite signs. 

But this pair of semileptons can annihilate. Indeed, by electromagnetic attraction, this pair will be 
again concentrated in a same open ball which involves that the two electric bisemisheaves, representing 
their electric charges, become orthogonal. Consequently, they cannot conserve the same structure as 
remarked above; they must then transform themselves into magnetic bisemisheaves as follows: 

7*^. o E : (r))(^)_^c-M ®e ^i'^'HW, O^^^-mg-m) 

//jS — (3)/ / _ a'^~^'^^// \ \('") \ 

~* Vt'/R \''A'''))ST-MG-M ^m^L \V )^''~ ) ST-MG-M ) ■ 

The resulting magnetic bisemisheaves can be transformed later in diagonal bisemisheaves. 

On the other hand, as the time structures of the electric charge are generated by the morphisms 
SOT{e) o Vd{e) from the right and the left semisheaves 9]^l{t, r)sT-MG-M of the considered semileptons 
according to definition 2.4.1 and as the l£)-time semisheaves of the electric charge must be transformed 
into their complementary 3Z)-space semisheaves by the fact of the collision, it is reasonable to admit that 
the external perturbation provoking a (7t->r ° E) morphism on the lZ)-time structures of the electric 
charge will also provoke a {"it^r ° E) morphism on the two semisheaves 9]fl{t,r)sT-MG-M constituting 
the central massive structure of the two semileptons. We then will have: 

(7t^r O Er^l) : 9]^l{t,r)sT-MG-M 9%^ i^{r)sT-MG-M — T}i j^{rk)sT-MG-M 

transforming the central 4£>-structures of the pair of semileptons into 3£'-structures of semiphoton(s). 
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Indeed, we have finally that the pair of semileptons annihilate into a pair of semiphotons according to; 
[{0R-Ht,r)sT-MG-M) e {OUtM-MG-M ®e Ol{r)'il_^a-M) 

®0Ri''^)sT-MG-M ®m 0Li''')sT-MG-M)] 

lj[{el-^{t,r)sT-MG-M) e {6%{r)i%_MG-M ®e ^IWi'l-MG-M) 
®{0r(^)sT-MG-M '^m ^i(^)sT-MG-M)] 

^ [{TUrk)sT-MG-M) © (^^W^T-MG-M ®m ^1 W^T-MG-m)] 

^[{T},{rk)sT-MG-M) © (4WST-MG-M ®m ^IWsT-MG-m)] • 

Remark 4.1.3 (Hypothesis concerning the structure of semineutrinos) Consider that a pair of 

semileptons, endowed each one with its electric charge and magnetic moment, comes into collision in such a 
way that almost all the "mass" quanta of the scmishcaves of rings 0]^l{t, r)sT-MG-M blow up by an cndo- 
morphism as described in section 1.2 such that 0]{^l{t, r)sT-MG-M be reduced to r)sT-MG-(M^o) ■ 

Then, the (semi)lepton central structure 0^^1(1, r)sT-MG-M has been transformed into a (semi) neutrino 
central structure 6]^l{t,r)sT-MG-{M^o) ■ 

4.2 Second order elliptic bilineeir equations on extended bilineeir Hilbert spaces 

For the facility of manipulations and notations, the elliptic differential bilinear equations will be considered 
for the mass (" M ") structure of the lightest massive bisemilepton, i.e. the bisemielectron or classical 
electron, considering that the elliptic differential bilinear equations relative to the other bisemiparticles 
and to the other structures " ST " and " MG " are exactly of the same type. 

Definition 4.2.1 (Bisections of bisemisheaves) Let (^^~^(t, r)M<S)^i~^(i, ?')m) betheleft-bisemisheaf 

defined on the left extended internal bilinear Hilbert space iJ+ and representing the mass structure of 
a bisemielectron. This left-bisemishcaf then results from the bisemisheaf {0]^^{t,r)M ® 9]i^^{t,r)M) by 
application of the composition of maps op^^ according to: 

Blopl: {0]^\t,r)M ^ 9l-\t,r)M) ^ (^i;^(i,r)M ^ 9l-\t,r)M) • 

The right (resp. left) semisheaf 0]^^(t,r)M (resp. 6]^^{t,r)M ) is composed of q sections which are 
(isomorphic to) differentiable right (resp. left) functions ^LRf,{t,r) (resp. (pL^[t,r) ), 1 < H< q , defined 
on a compact domain homeomorphic to a compact domain Dg+ of {M'^y x (iR"*")^ centered in the upper 
half plane with respect to the emergence point. 

The right (resp. left) function 0LH^(i,r) (resp. <j)L^{t,r) ) can be decomposed following: 

<pLnJt,r) = </)L„^(t)®0LH^(r) 

(resp. <^i^(t,r) = H^t) ® ^L,{r) ) 

where " r " denotes the triple of spatial variables {a;i,a;2,a;3} . 

This is a consequence of the generation of the three-dimensional semisheaf of rings Oj^^ j^{r) from the 
one-dimensional semisheaf of rings 9\^^ j^{t) according to Section 1.2. 
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The left biscmishcaf {d]^^{t,r)M S]^^{t,r)M) is composed of algebraic bifunctions isomorphic to 
i4'LR^ {t, f) ® (pL^ {t, r)) defined on the left extended internal bilinear Hilbert space . 

These bifunctions are defined on a curved space-time domain homeomorphic to a domain Dg+ x Dg+ 
of X ~ into R . 

Definition 4.2.2 (4D-elliptic differential operator) As we are dealing with the vertical tangent semi- 
bundles ^ and ^ according to definition 2.2.15, the elliptic differential right (resp. left) operator 
to be considered is the following: 

Mr,l = {'mOn,i,;M,PR,L;M} 

whose explicit development is given by: 

Mij,z, = {±tnM ;^,±* t ■ 

But we must take into account the spin of the bisemielectron, i.e. the rotation of the sections of 0]^{t, r)M 
and 0]^^{t,r)M (see definition 3.3.11). This can be achieved by considering that the elliptic differential 
operators moR^.„ and Pr,l;M are respectively ID- and 3Z>-directional gradients sob.i, Vor ^, and sr^l^ r,l 
where sq^^^ and sr^l are ID- and 3£'-unit vectors referring to the spin with direction cosines {sor,i,} and 

Indeed, the spin cannot be introduced judiciously by 7 or cr matrices because bisemifermions are 
characterized by complete bilinear forms of . 

The 4Z)-elliptic self-adjoint differential mass operator will thus be written as follows: 

d ^. h d ^. h d ^.h d 

[ oto c 0x1 c 0x2 C OXz 

where h and c are abbreviated notations respectively for Km and Ct->r;M • 

Definition 4.2.3 (Second order differential bilinear equation) The differential mass bioperator will 

be (Mfl^ (g) M^;^) acting on the diffcrcntiable bifunction i(t>LR,At,'f) ^ 4'Ln{t,r)) such that the /U-th mass 
second order elliptic differential bilinear equation to be considered is: 

if we take into account the self-adjointness of the right (resp. left) elliptic operator Mi^^ (resp. Ml^ ). 
This differential bilinear equation can be explicitly written according to: 

^ Aij 9^(<pLR^{ry4>LAr) ^ 0^ dj'LR^jt) O0^^(r) 

^ dxi dxi ^/ii dt ' dxi 

i,j=l i=l 



"I" ^/i dxi ' dt 
1=1 



where 



4OO — _fi2„0 40i _ _ ^ i 
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It is a second order elliptic differential bilinear equation which is degenerated because the bilinear form 
{PRu.<pLR^{r),PLi,(t)L^{r))c is degenerated. 

PRn,Lf^ stands for the 3Z)-linear momentum operator given by 

( . h d .n d .n d ] 

PRh,Lh = \ -Sl/i ^ >-« -S2/i ^ -S3/i ^ ) 

y C OXi c 0x2 c 0x3 J 
(for the literature on the second order elliptic differential linear equation, see [K-Nl], [K-N2], [G-I-L]). 



Proposition 4.2.4 A right and a left isomorphisms transform the second order degenerated elliptic dif- 
ferential bilinear equation: 



2-^ ^(i* dxi dxj 



3 

E 



i=l 



dxi 



, 400 a'i*LR^{ty4,i.,{t)) 



- El{4>LR,{t,r) ■ (^L^{t,r)) 
into the canonical second order elliptic-parabolic differential bilinear equation: 



T33 



d^{<i>LRM-Mz) ^ ^03 dcl)LR,{t) d^L^^jz) 



" dt 



dz 



03 



dz 



dt 



where 



A 



33 



- El{(j>j,„.Xt,z) ■ (l)Lt,{t,z)) 



= 



{S1+S2 + S2) — "^^n ^ ^ ~c^'^ ' 



Proof. The canonical form of the second order degenerated elliptic differential bilinear equation is ob- 
tained for a fixed " " throughout the following change of variables [K-S-G] : 



a) Cfe = E ^if^k ^uc^ t^^* 



with (3 e 5*0(3) , x a 3Z>-vector, x'^ its transposed and such that B'^^XiXj be transformed into 
B'^'^^k^e , where 



(1 1 l\ 
1 1 1 

V 1 1 1 / 



and B''^ = PlB'^pI^ ; 
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b) 7^ = E tI- • §^ = E J-Q,^ such that A^^ ^ ^ ^ be transformed into 

OXi k=l fe=l OXi OXj 

d d 



The transformed equation then becomes: 



k,t=l fe=l 



+ ^ —d^k at ^ 

fe=l 



where p = {^1,^2,^3} stands for the triple of ^-spatial variables. The canonical second order elliptic 
parabolic differential bilinear equation reduces if we remark that: 

1) B''^ = (3lB'^^ 0^f^ = E corresponds to a left and a right unitary transformations, such that the 

eigenvalue diagonal matrix A has for unique eigenvalue e = \/3 (this point was outlined to mc by G. 
Raseev). Consequently, <1>Lr{p) • <t>L{p) becomes (t^Lni^s) ' <^i:-(^3) rewritten ■ip{z) = 0x^(2) • 4'l{z) if 
2 = 6 • 

2) A'^^ = oll Aa^jf^ = D also corresponds to a left and a right unitary transformations such that D is 
the diagonal matrix whose unique eigenvalue different from zero is: 

n — - ''V«2 I „2 I „2^ _ „2 . ft^ 

Notice that the differential bilinear equation over the set of four variables {t,xi,X2,X3} reduces to a 
canonical differential bilinear equation over the set of two variables {t, z} . Indeed, the three-dimensional 
spatial section (t>LR^{r) (resp. (l>Lf,{r) ) degenerates into the one-dimensional function ^Lr{z) (resp. 

) justifying the decomposition of the shifted Eisenstein bicohomology into pairs of one-dimensional 
eigenspaces following proposition 3.2.11. 

Definition 4.2.5 (Differential bilinear equation of the bisemielectron) 

In a first step, we shall suppose that the time variable is constant. Consequently, the canonical sec- 
ond order elliptic-parabolic differential bilinear equation, relative to a "mass" irreducible section of the 
bisemielectron, will become [Pie2]: 

fi^ „9 d^th(z) ^. h ^ dib(z) , n , 
- - 2^ -"^o5 ^ + ("^0 - ^ )^(^) = • 

This equation is 1-dimensional, and is thus defined on the left internal bilinear Hilbert space . 
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Proposition 4.2.6 The ID-mass equation for one irreducible bisection of the bisemielectron 

is the equation of a damped harmonic oscillator whose general solution consists in the superposition of two 
damped waves in phase opposition with frequencies given by 

c 

and whose general m,otion corresponds to a damped sinusoidal motion whose dephasage is proportional to 
the linear momentum p^^ ^ of the considered section of the right or left semielectron. 

The energy E of a section 4>L^{r) at {p + n) quanta is equal to {p + iJ.)-times the quantum energy Ej^ 
which can be found from the corresponding nontrivial zero of the Riemann zeta function. 



Proof. This equation was already worked out elsewhere in [Pie2]. However, we shall briefly give the 
following elements of the proof: 

1) Rewrite the If-mass biwave equation of the bisemielectron in the form: 



dz'^ dz 



+ oj^ip = 



where 



k 



2i -5"^mo 
n 



h? 



S-'{E'-ml). 



This equation is the one of a damped harmonic oscillator. The nature of the solution depends on 
the characteristic roots [Stru] : 

1/2 



Ifc^ > (I) 
- I ± iwi . 
Using 



i.e. if > , then uii 



— CO 



1/2 



has to be considered such that A 



CO 



= ^S-HE'-ml), 



we find that uji = jrS ^E or that E = ^vS if uji = 2ttv . 

We then recover the famous relation of the Broglie except for the spin factor S . Note that this 
formula concerns the total energy " £J " of a section of a left or right semielectron which can then 
be interpreted as follows: 

If this section is the /i-th section s^^.i having fjbp = p + /j, quanta (see definition 1.2.17), then the 

energy i?^ of this section will be = UpE^^ where E^^ is the energy of one quantum in s^^ . Now, 
i?^ = hvr^ where h is the Planck constant associated with the degree of Galois extension N and 
where ^'^^ is assumed to be the frequency of a prime ideal corresponding to one Galois automorphism. 
One then has = /Xp-E^ — ^phvr^ = hVfj_ where — Hpi^r^ is the frequency of Hp prime ideals. 

Remark that it was proved in [PielO] that the energy Ej^ of a quantum in a section s^^^ can 
be obtained from the corresponding nontrivial zero A(4i/^, i^, £^^^2) of the Riemann zeta function 
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C(s) = ^ n * . Indeed, the trivial zeros of ((s) are the negative integers —2 , —4 , . . . , —2i> , . . . , 

n 

—2r) such that the even integer /Xp = 2i/ be the global class residue degree of the section s^^^^ (see 
1.1.4). Now, the nontrivial zeros can be obtained from the corresponding trivial ones by the action 
of the Lie algebra of the decomposition group, whose coset representative is: 




such that the eigenvalues of: 



be the nontrivial zeros: 





l±i 



where 7^, = {^Q'^HeL? - 1)^2 with = {Elf 
We thus have that: 



- 1 



\+{Av\i\El2) ■ \-{Av\f,El,) = Av\Elf = \+ll 



leading to: 



A ~^ '*'mp 



So, UpEl , which is the energy of the /^-th section .s^ or of a photon at fip quanta, is approximatively 
equal to the imaginary part 7^^, of the nontrivial zero X±{4:v'^ni^ , E^,) ■ 

2) The solution of the l£)-mass biwave equation of the bisemielectron is: 
where 

• the Cauchy initial conditions are at 2 = , V = V'o and ^ = ; 

• exp (— i ^S~^moz) is a damping factor depending on the rest mass mo . 

The solution ^'(2^) is thus the sum of two damped waves in phase opposition: the positive frequency 
wave refers to the left semielectron and the negative frequency wave refers to the right semielectron. 

This solution ■^(2) can be written in the following form: 

^W=^o(l- g)exp(-z^5-W)sin(|5-E. + tan- 
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which corresponds to a damped sinusoidal motion of period 

T = 



cE 

and dephasage 

-1 E 

A = tan !^ tan p . 

irriQ 

The mass structure of a one-dimensional bisection of the bisemielectron behaves thus globally like 
a damped harmonic oscillator having a dephasage A proportional to the linear momentum p of the 
/U-th section of the right or left semielectron. ■ 

Proposition 4.2.7 The total energy " EeR,L " of a right (resp. left) semielectron is given by 

q 

where Efj^^m^eR^L > noted E above, is the energy of a one- dimensional irreducible subsection of the ii-th 
section. The total linear momentum PeR,L is similarly given by 

PeR,L = E E 

Definition 4.2.8 (Generic biconnexion) By a generic connexion of a fiber bundle Tm^ l > mean 
a distribution which admits in each point P of the total space of the fibration of Tm^.l an horizontal 
direction tangent to this total space, and which is transversal to the fiber in P . 

(1—3) 

We shall consider a generic connexion associated to the mass vertical tangent semibundle Tj^^ ^' and 
generated by the 4D-multiplicative operator: 

dA{t,r)R,L = [+hZe -^,+ -Ze —,+ -Ze — ,+ -Ze — 

y to C X\ C X2 C X3 

corresponding to the action of a strong external (super) heavy nuclear system of charge Ze . 

If the time variable is supposed to be constant, the mass bioperator of the bisemielectron (M r,M.l)c 
endowed with the generic biconnexion {dA{r)R,dA{r)L)c , will be: 

{MR + dAR,ML + dAL)c 

. h d 1 . h d 1 . h d I 

mo, -I -si h -Ze — ,-i -S2 ^ \ Ze — ,-i -S3 h -Ze — 

C 0X1 C X\ C 0X2 C X2 C 0X3 C X3 



h d h I h d h 1 h d h 1 

mo, -I -si h -Ze — ,-i -S2 t{ K -Ze — ,-i -S3 h -Ze — 

c axi c Xi c 0x2 c X2 c 0x3 c X3 

where (•, •)c is a complete bilinear form of the left extended internal bilinear Hilbert space 



c 
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Corollary 4.2.9 The mass equation of the bisemielectron endowed with the "strong" biconnexion 
{dAf{,dAL)c is a second order degenerated elliptic differential bi(linear) equation whose canonical form 
has a set of particular solutions obtained with the condition 

<- ^i<-E') = 0, n€lN, 

or E = \/2" — Imo which allows to find the energy levels of the right or left semielectron in the strongly 
perturbated confining phase. 

Proof. The treatment of the mass equation of the bisemielectron endowed with the biconnexion 

{dAfi,dAL)c was developed in [Pic2]. 

Let us note that the first calculated energy levels of the (semi)electron given by the formula 

EeR,L = V2"-l mo,„,^ 

corresponds quite well to the observed values. ■ 

Definition 4.2.10 (S'i-isomorphism) Instead of considering that the bisemielectron mass structure is 
defined on the left extended internal Hilbert space as done since definition 4.2.1, we could consider 
that it is described by the sum of the three bisemisheavcs, according to definition 4.1 .f: 

{e'n-'{t,r)M ei-'{t,r)M) ® (^|(r)^) ®„ ^i(r)^)) ® {e],-^'\t, {r))^^ ®, C^^'((i),r)^)) 

obtained by application of the ^i-isomorphism on the complete tensor product 0\f^'^{t, r)M ® '<')m 
between the right semielectron semisheaf 0^^^{f,r)M and the left semielectron semisheaf 0\^^{f,r)M ■ 

According to definitions 3.1.5 and 3.1.7, this sum of three bisemisheaves can be transformed by means 
of the Bl o Pl map into: 

(ei;3(t,r)M ®D el-\t,r)M) ® (^i„(r)^) ®„ ^iW^^^) ® [e\-^'\t, (r))^) 0e 

such that {9]^^{t,r)M ®D d\^^{t,r)M) be defined on the left internal bilinear Hilbert space 
'^a I (^1^(^)71"^ ®m. ^i('')M'') on the left internal bihncar magnetic space V^.^ and {9\^'^\t, {r))'^^®e 
*'^''((^)> ) on the left internal bilinear electric space Vg+j . 

Definition 4.2.11 (Bilinear diagonal, magnetic and electric wave equations) 

We shall then obtain a set of three second order elliptic differential bilinear equations: 

a) a central mass biwave equation: 
where 

• A" = - %s's' ,l<i<3; A°° = -hh'>s'> ; 
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• tp{t,r) = (j)Lf^{t,r) (^D <j^L{t,i') G 0L^{t,'i")M (^D 0L "^(*)'^)m is a diagonal bisection such that 
ipit, r) be defined on a compact euclidian domain of iR* of the left internal Hilbert space . 

This equation corresponds to the Klein-Gordon equation except that the metric 61 is euclidian and 
not pseudo-euclidian or of Minkowsky type. 



b) a bilinear magnetic mass biwave equation: 



where 



i)L(r)(™) (resp. (/>Ljj(r)('"' ) refers to a left (resp. right) magnetic section of 0£(r)]^ (resp. of 



tf ■ ■ 



ji refers to the magnetic moment of the bisemielectron. 



c) a bilinear electric mass biwave equation: 



where 



• (t^LitY'^'' (resp. </>L„(r)^'^^ ) refers to a left (resp. right) electric time (resp. space) section of 
^i(t)i^) (resp. of0i„(r)(^)); 

, A« = _ !^s's° ; 
c 

• e corresponds to the electric charge of the bisemielectron. 



Proposition 4.2.12 // the elliptic differential mass biwave equation of the bisemielectron as given in 
definition ^.2.3 splits into the set of three elliptic differential equations: 

a) a central mass biwave equation; 

b) a bilinear magnetic mass biwave equation; 

c) a bilinear electric mass biwave equation, 

the general bilinear solution of the elliptic differential mass biwave equation is given by the sum of the 
solutions of the three split elliptic differential equations, i.e. by: 

M{t,r) ■ Mt,r) = V(i,r) + <^L«(r)W • <^i(r)(-) + <^i„(r)(«) • Mt^'^ 

where 
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• tp{t,r) is defined on the left internal bilinear Hilbert space ; 

• 4'LR{r)^"^^ ■ ^i,(r)("') is defined on the left; internal bilinear magnetic space V^.^ ; 

• (t>Lft{r)^^^ ■ (l>L{t)^^^ is defined on the left internal bilinear electric space 1^+ . 

Outline of the proof : The fact that the general bihnear solution of the elliptic differential mass biwave 
equation of the bisemielectron (see definition 4.2.3) 

can be developed as the sum of the solutions of the three split bilinear elliptic differential equations results 
from the Si-isomorphism according to definition 4.1.1. ■ 



Definition 4.2.13 (Bisemiphoton wave equation) As the bisemiphoton mass structure is given on 

the left extended internal bilinear Hilbert space by a bisection isomorphic to T}^^{r)M ® Tl{r)M 
according to definition 4.1.1, the elliptic differential mass biwave equation of the mass structure of a 
bisemiphoton at {p + fi) biquanta Mj^{r)R ® M^{r)L will be: 

E '^^'''^)>^;'^^ - EUMr) ■ Mr)) = 

where 

• Mr) ■ Mr) - Tl^Jr)M x TUr)M , 

so that s* is the i-th component of a 3D unit vector of polarization of the semiphoton referring to the two 
possible different rotations of its sections. 

This equation is a second order differential elliptic-parabolic bilinear equation which is degenerated. 



Definition 4.2.14 (Canonical wave equation of the bisemiphoton) A right and a left imitary in- 
ner automorphisms transform the degenerated second order differential elliptic bilinear equation of the 
bisemiphoton into the l£>-canonical second order elliptic differential equation: 



133 d^i4>LAz)-<l}L{z)) 2, 
^ 



KiMiz)-Mz)) = o 

uz- 

where 



A^^ = -^{sl + sl + sl) = -^S\ z^x,. 



This is the equation of an harmonic oscillator: 



^^+a;X^) = 



where 

u^l = ^S-'El and i;{z) = <I>lAz) ■ M^) ■ 
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The general solution of the harmonic oscillator equation of the bisemiphoton consists in the superpo- 
sition of two waves in phase opposition having frequencies given by 



oJu, = -S ^Efj, 



leading to the well-known relation of Einstein: 

c 

excepting the factor S , where is the frequency of /Xj, prime ideals as introduced in proposition 4.2.6. 

This general solution 'tp{z) is explicitly given by: 

V'(z) = ci exp (j, ^S~^Ei^z^ + C2 exp (^-i ^S'^E^z^ 

= Asin(^^S~'^E^z + = Asin{ui^z + 6) 
corresponding to a sinusoidal motion. 

Definition 4.2.15 The solution il){z) is a linear combination of two one-dimensional waves corresponding 
to the one-dimensional irreducible components of the bisemiphoton. The coefficients Ci and C2 allow to 
define the radii of the tori exp (±« j^S'^^Ef^z) according to proposition 1.1.18. 

Assume that il^{z) has = {p + biquanta. Then, the limit condition gives in z = a = radius: 

'il){z) ~ Asm.(ujfj_z) = 

whose solution can be obtained only if w^a = /xtt , i.e. if = ^ . 

Definition 4.2.16 (Kinetic energy of a bisemilepton) Consider now the central mass diagonal bi- 
operator (M Lj^,M.l) = of the central mass biwave equation of a bisemilepton defined on the internal 
Hilbert space (see definition 4.2.11). It is: 

i=l 

if we do not take the spin vector into account. 

The norm of the central mass Mjj of a bisemilepton is then: 

13 \ 1/2 



^cll = ll^^^ll = TOO ( 1 + ^ EPi ) ^mo-t-w 



if a; <C mo . We thus have that: 



3 

= E Pi - Too + 2toow -|- 

i=l 



which implies that: 

2mo i=i 

This term is the kinetic energy of the semilepton and corresponds to the harmiltonian of the Schrodinger 
equation in a zero potential. 
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The following proposition results from this. 

Proposition 4.2.17 The kinetic energy of a right or left semilepton is equal to the normed (by the factor 
2^ ) inner product between the linear momenta of the right and left semileptons. 

Proof. Indeed, the inner product {pr,Pl) between the linear momenta of the right and left semileptons 

3 

is Pi • Thus, this inner product {jpr,Pl) normed by the factor corresponds to the kinetic energy 
of a semilepton w = 2^(Pfl,PL) • ■ 

Definition 4.2.18 (The concept of field in algebraic quantum theory) The nature of the field in 
quantum field theory proceeds from the treatment of the harmonic oscillator in classical mechanisms. It is 
considered that an infinite number of harmonic oscillators brings us to a field theory with the field at each 
point of space considered as independent generalized coordinate and that the field quantization results 
from the quantization of an infinite assemblage of harmonic oscillators [B-D] . 

In this model of algebraic quantum theory, each pair of right and left one-dimensional sections, isomor- 
phic to one-dimensional tori, can be considered as a (damped) harmonic oscillator according to propositions 
4.2.6, 4.2.12 and 4.2.14. Let us recall that each elementary bisemiparticle (bisemifermion or bisemiboson) 
has a central (i.e. diagonal) "mass" spatial structure composed of pairs of right and left one-dimensional 
sections (which are in fact one-dimensional waves or strings) of the mass biscmishcaf (0\^ {r)M®D()\{r)M) , 
the electric charge and the magnetic moment being also composed of pairs of one-dimensional sections 
characterized by an electric and a magnetic metric as developed in proposition 3.1.6. 

Thus, every elementary bisemiparticle has a central "mass" spatial structure given by a corresponding 
field 0\^{r)M ®D 0\{r)M behaving like a sum of independent harmonic oscillators if we refer for example 
to the definition of the wave (bi) function of an elementary particle having a spectral decomposition of 
algebraic type as introduced in proposition 3.3.5. By this way, we recover the classical concept of field of 
the quantum theories [Wein2]. 

However, let us note that the electron field is given in quantum field theory by 

k 

where {ufc(^)e~"^''*} is a set of orthonormal plane-wave solutions of Dirac equation and where the ak are 
annihilation operators. The annihilation and creation operators were defined in this algebraic quantum 
model as morphisms of type "ff^^oEoSOT{2)oVd{2) (see remark 2.3.7) generating the "mass" semisheaves 
of rings from the vacuum composed of the internal semisheaves of rings " ST " and " MG " . 

In quantum field theory, one is dealing with a system of an infinite number of degrees of freedom, 
leading to a nonseparable Hilbert space [Wighl]. This refers to the old problem of quantum mechanics 
consisting in the difference between its discontinued space " Z " ( = 1,2, • • • ) of discrete values of the 
index /i and its configuration space " il " which is continued with k dimensions where k is the number of 
degrees of freedom of the system [V.Neul]. 

If we consider the algebraic spectral decomposition of the wave bifunction in terms of pairs of one- 
dimensional sections which correspond to the degrees of freedom of the envisaged system, it appears that 
the spaces " Z " and " O " are in one-to-one correspondence since: 
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• the global class residue degree of an irreducible one-dimensional section at /Xp quanta is a degree 
of freedom of the system; 

• the index /i of the configuration space " fl " is the integer fj, labelling the fi-th eigenbifunction 
V'iR(M) ® V'i(M) e M^^i(H+{M}) (see 3.2.18 and 3.2.19). 

This brings a new light on the Hilbert spaces of infinite dimensions of quantum field theory since the 
spectral decomposition of a wave (bi)function can have an infinite dimension. 

Definition 4.2.19 (Invariance of elements of bisemimodules) Wc shall now envisage the invari- 
ance of the space-time structure of bisemifermions and more particularly of bisemileptons. Referring 
to definition 4.1.1, the space-time left bisemisheaf of a bisemilepton defined on the left extended internal 
bilinear Hilbert space splits under the Sl isomorphism into the set of the three disconnected left 
bisemisheaves: 

1) the 4Z)-space-time diagonal left bisemisheaf 0]^{t, r) iSi d O]^^ {t, r) whose elements are the diagonal 
bielements ®d S characterized by a 4£'(-euclidian) metric of type , < a< 3 . 

These bielements are invariant under a (bi)representation of 50(4, M) x S'0(4, M) . 

Note that SO{n, M) is the orthogonal unimodular group of order n acting linearly on a left or right 
n-dimensional semimodule. 

2) the 3£'-space magnetic left bisemisheaf 6*1^ (?')*•'"•' ®m ^|,(r)*^™) whose bielements are characterized 
by a 3D metric of type Qaf} ,l<a,(3<3,a>(3,a^(3. 

The magnetic bielements are then invariant under a representation of SL{3, M) x 5*^(3, M) where 
SL{3, M) is the unimodular special linear group of order 3 . 

The group of left or right magnetic invariance is SL{3, M) because, if gm € SL{3, M) , then the 
magnetic invariance condition is {g^)R{gm)L = hm where 
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has determinant equal to one. 
3) the 3Z)-space-time electric left bisemisheaf 

whose bielements are characterized by a 3D metric of type goa or ffao , 1 < < 3 . 

The electric bielements are then invariant under a representation of >S'L(1, IR) x <S'L(3, M) correspond- 
ing to a ID-right (resp. 3£)-left) translation on the right (resp. left) semisheaf and to a 3Z)-left (resp. 
ID-right) translation on the left (resp. right) semisheaf. 
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Note that the space-structure of a bisemiphoton defined on is given by the complete bisection 
Tl^{r) (g) Tl{r) which sphts under the Si-isomorphism into the sum of the two disconnected bisections: 

1) the 3D-space diagonal bisection Tl^{r) (^d Tl{r) whose diagonal bielements are invariant under a 
representation of 50(3, M) x S0{3, M) ; 

2) the 3D-spacc magnetic bisection ^^^(r)^'"-' Tl{r)^"^^ whose bielements are invariant under a 
representation of SL{3, M) x SL{3, R) . 



Proposition 4.2.20 The 4D (resp. 3D ) diagonal bielements of a AD (resp. 3D ) diagonal left bisem- 
isheaf defined on a bilinear internal Hilbert space W+ are invariant under a right and a left action of 
SO{A,IR) X SO{A,R) (resp. of S0{3,1R) x S0{3,1R) ) which correspond to a right and a left inner 
automorphism. 

The 3D mMgnetic bielements of a 3D magnetic bisemisheaf are invariant under a right and a left action 
ofSL(3,IR) X SL{3,]R) . 

The 3D electric bielements of a 3D electric bisemisheaf are invariant under a right (resp. left) and a 
left (resp. right) action ofSL{l,m) x SL{3,M) (resp. ofSL{3,m) x SL{1,M) ). 



4.3 The bidynamics of bisemipcirticles 

Definition 4.3.1 (Bidynamics and bisemiflow) Let 0]^^{t,r)iSiD,m,e^L~^i^'''~) ^® diagonal, mag- 
netic or electric tensor product between the right scmisheaf 0]^^{t,r) , referring to a right semiparticle, 
and the left scmisheaf 9]^'^{t,r) , referring to a left semiparticle. 

The dynamics of this bisemisheaf is a bidynamics corresponding to right and left diffeomorphisms at 
the one parameter time " t " applied respectively to the envisaged right and left semisheaves. We are then 
led to define a local bisemisheaf as follows: 

Let T{e]ij^{t)) and r(6'|j i(r)) be the right or left ID and 3D sections of 6'}j i(t) and 6'|j i(r) above 
respectively ID-time and 3Z)-space domains. 

By a local bisemiflow for a densely defined self-adjoint bioperator, for example, 

h d . h d } ( . h d . h d ] 

. • • • . -1-7, — .Sq > (X) n < —7, —.Si . • • • . —7, — .Sq > 



PR ®dPl = \ +i -Si ^ — , • ■■ ,+i -S3 ^ — \ ®D\-i -si ^ — , • • • , -S3 „ r 

C OX\ C OXs ) I C £7X1 C 0X3 J 

acting on r{6^{r)) ®d r(^|,(r)) , we mean a bijective bilinear map: 

F{prU ®d F{pL)+t : T{e%ir)) ®d r(^i(r)) ^ r(^|(r)) ®d r(ei(r)) 

such that 

F(pK)_(t^+t,) (g)D F{pL) + (t,+t2) = F{PR)-ti ■ F{pr) 

-t2 '^D -F(Pt)+fi • F{pL)+t2 

be a geodesic bisemiflow corresponding to a "time" translation on the right and the left ID-sections of 
e%{r) and el{r) [Lan2], [Smal]. 

A bivector field with domain of r(0^(r)) 0D r(0|(r)) is a bimap: 

PR ®D PL : nelir)) ®n r(^i(r)) - r(Tf (^^(r))) ®n r(Tf (^i(r))) 

into the diagonal tangent bibundles (T^ ' i^^T^') . 

We can thus generalize the Stone theorem [C-M] in the case of a local bisemiflow. 
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Proposition 4.3.2 The local bisemiflow F {O n) -t® d ,m,eF {O l) for a self-adjoint bioperator Oii®£,,m,e 
Ol is given by the Tight and left actions C/_r(— (SiD,m,e UL{+t) of the continuous one-parameter unitary 
Lie group such that: 

Uni-t) ®D,m,e UU+t) = e-^*°« ®D,m,e e+'*°^ for te]R+ . 



Proof. This proposition generalizes the Stone theorem in the case of a bisemiflow. Remark that On is 
a right operator semibounded from above and Ol is a left operator semibounded from below. 
The bigenerator On ®D,m,e Ol of the local bisemiflow F{Oii)-t ®D,m,e F{OL)+t is given by: 



Or ®D,m,e Ol 



dt 



F{Or). 



t=0 



t=0 



We then have for the bisemimodule OR{—t) 0D,m,e OL{+t) ■ 

0R{-t) ®D,m,e ^L(+i) = F(Oj{)_t0fl(O) ®D,m,e F(OL)+t0L(O) . 



Remarks 4.3.3 Evolution of bisemiparticles and the classical symplectic structure 

1) This bidynamics is a bidifFcomorphism with respect to the time variable describing the (bi)evolution 
of bisemiparticles from an initial event localized at the time T = . This initial event may be the 

big-bang of physics. 

Consequently, the bisemiflow should take into account this delayed (bi)evolution by a parameter (or 
a constant following the traditional terminology) depending on time, called B{±t) and related likely 
to the Hubble constant H{±t) , such that: 

U{-t) ®D,m,e U{+t) = e-^*^(-*)o« e+'*^(+*)o^ . 

2) This bidynamics must be envisaged simultaneously on the three embedded structures "space-time" , 
"middle-ground" and "mass" of the bisemiparticles giving their irreversible evolution in time. 

It can happen that, under some external perturbation during a small interval of time dt , there are 
fixed points on the bisemiparticle structures " ST , " MG " or " M " with respect to the bidif- 
feomorphism at the one parameter time group. These fixed points then correspond to degenerated 
singularities of genotype attractors, problem which was developed elsewhere [Pie8]. 

3) It is natural to regard the complex Hilbcrt space as the analog of the cotangent bundle in a classical 
system [Sim]. Endowed with a symplectic form which is the imaginary part of the inner product, we 
get a symplectic structure [God], [Sha], [Lich], from which the classical (and quantum) Lagrangian 
and hamiltonian dynamics proceed. 

Let us note that the (bi)dynamics, developed in this paper, does not result from a Lagrangian or an 
hamiltonian method which presents the following difficulties: 

a) The Lagrangian action is not well understood in mathematics [C-M] likely because the " q " 
and " p " variables are inextricably mixed [Tho3]. This could be explained by the fact that 
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classical and quantum theories "work" on a single structure or level while, in the present AQT , 
three embedded structures have been taken into account leading to a noncommutative algebra 
[Gui], [Conl]. 

b) The automorphisms of the symplcctic structure generate a space of infinite dimension [Kib] 
while the automorphisms of the euclidian structure leads to a space of finite dimension. 

c) The second order elliptic linear Laplace equation ^p- + Au = leads to no really decent Banach 
space on which this equation generates a flow and an energy of definite sign [C-M] , which is not 
the case here. 



4) It is commonly admitted that the classical mechanics is the limit case of the quantum mechanics 
providing that the Planck constant satisfies ?i — > . Now, quantum theories deal with the discontin- 
ued behavior of the matter while the classical theories are only concerned with continuous objects. 
As the discontinued behavior of matter is described here algebraically, it becomes evident that the 
structure of the quantum theories must be described by coherent algebraic sheaves of rings while the 
structure of classical theories could refer to coherent analytic sheaves, i.e. ring of (germs of) holo- 
morphic functions. It then results that the isomorphism from quantum theories to classical theories 
given by the condition h ^ corresponds likely to the isomorphism of J. P. Serre between coherent 
algebraic sheaves and coherent analytic sheaves [Ser7]. 

Indeed, according to definition 1.1.24, a quantum M^^ ^ is a continuous subfunction of the algebraic 
semisheaf of rings 9]^ ^ over a big point centered on M^^ ^ . So, when h ^ , the "big point" on 
which is centered ^ and to which the Zariski topology corresponds tends to an "ordinary point" 
associated with the ordinary finer topology. Consequently, the algebraic semisheaf of rings 9}^ is 
transformed into an analytic sheaf. 



Definition 4.3.4 (Physical internal machinery of a bisemiparticle) The internal machinery of a 
bisemiparticle allows to justify the absorption and the emission of right and left quanta from the space- 
time, middle-ground or mass bisemisheaves of rings, noted in abbreviated form 9]^^ (S) 9]^^ . According to 
definition 2.2.12, the emission of right or left quanta occurs by means of the smooth endomorphism Er^l ■ 

The considered bisemiparticle will be a biscmilepton for simplicity and the following developments will 
be envisaged for the spatial bistructurc 9\® 9\ . 

It was proved in proposition 3.3.11 that the right and left semiparticles rotate in opposite senses. This 
means that each spatial bisection of the " ST , " MG " or " M " bisemisheaf of rings 9\®d 9\ , and 
thus that the " ST , " MG " or " M " spatial bistructure, behaves globally like two adjacent gyroscopes 
having opposite torques tr and tl so that the right and left torques are defined at the points Pr^l € 9\ j^ 
by tr^l = — where Lrx is the right (rcsp. left) angular momentum. 

Now, it is well-known that the centripetal force 

__ rm^ 

acting on a point, having a linear momentum 



Pr,l = {mv)R,L = {rruvr)R,L , 
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can decompose into the sum of the three forces [F-L-S]: 

^ mv'l mv\r „ 9 
PpR,L = = ^mvMijJ - mui r 

where 

a) the velocity vj of the rotating point Pr,l is the sum of the rotational velocity Vm and of an additional 
angular velocity uir : 

vj = Vm + ojr ; 

b) r is the distance from the point Pr,l to the emergence point of the bisemiparticle; 

2 

c) Fd = — is the "diagonal" centripetal force which is in fact independent of the rotation. 
Fm = —2mvM^ is the Coriolis force responsible for the torque t = ^ = Fm x r in action in the 
gyroscope. 

Fe = —mco'^r is the centripetal force acting on points Pr,l even still in 6'|j • 

Proposition 4.3.5 1) The space of diagonal biquanta (^u M[ are generated from the bisemisheaf 
0\®D&\ under the action of the diagonal centripetal biforce Fd^ (S) d , where Fd = — ^^^^ , 
responsible for the smooth biendomorphism En d El acting on 9\®d 0\ . 

2) The magnetic space biquanta (g)m Ml are generated from the bisemisheaf 9^®d d\ under the 
action of the Coriolis biforce Fm^ (8) Fm^ > where Fm = —2mvM0J , responsible for the smooth 
biendomorphism Er (g)m El acting on 6\®d 0\ ■ 

3) The emission (and the subsequent reabsorption) of left, and right magnetic quanta by the left and right 
semisheaves 9\ and, 6^ of a left and right semiparticles having different magnitudes of rotational 
velocities results from the differences between right and left torques and generates by reaction a global 
movement of translation of the bisemiparticle. 

Proof. 

1) The emission of diagonal biquanta (^d Ml must result from the diagonal centripetal force 
Fdr ® D Fdl ■ Indeed, a diagonal centripetal force Fd must provoke Galois antiautomorphisms on 
an algebraic semigroup leading to the smooth endomorphism Er^l ■ 

2) Knowing that the Coriolis force is a force acting sidewise, it seems natural to attribute to this force 
the cause of the emission of magnetic quanta. Indeed, magnetic quanta would be emitted in order to 
balance any variation of the rotational kinetic energy between a left and a right semisheaves because 
the work done against the centrifugal force ought to agree with the difference in rotational energy. 
If it was not the case, the centrifugal force would not be equilibrated and would run out. 

Note also in this context that the magnetic moment of the electron is equal to /i = • ^ and is 
thus proportional to its angular momentum i . 
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3) Consider that a left and a right 3I?-space seniisheaves do not have the same magnitude of rotational 
velocity. Then we can assign to every point Pr G 0^ a torque tr whose length and direction are 
different from those of a torque tl corresponding to a point Pl & 0\ . 

We thus have a resulting torque 5t = tr — tl at the "bipoint" Pr x Pl . It is reasonable to admit 
that the action of the resulting torque 5t will be at the origin of a smooth endomorphism Er^l ■ 

As a consequence, a left or a right magnetic quantum will be emitted which will provoke by reaction 
a movement of translation of the bisemiparticle. 

Thus, the Coriolis force which is in fact apparent becomes here effective by the emission of magnetic 
quanta. The magnetic quanta, emitted towards the emergence point of the bisemiparticle, are 
reabsorbed later on. Thus, a process of emission-reabsorption of magnetic left and right quanta 
generates a global movement of translation of the bisemiparticle. ■ 

Remarks 4.3.6 1) It is likely that the centripetal force Fe = — mw^r is responsible for the emission 
of SD-space electric quanta. 

2) The assertions of proposition 4.3.5 are valid for bisemiphotons, which explains why a set of bisemipho- 
tons generates a magnetic field. 

5 The gravito-electro-magnetic interactions between bisemipar- 
ticles 

It was seen in chapters 3 and 4 that the structure of bisemiparticles is given by bisemisheaves so that an 
action-reaction process is generated in a bisemiparticle by the interactions between the right-semisheaves 
of the right semiparticle and the left-semisheaves of the left semiparticle. 

Generalizing this concept to a set of bisemiparticles, one easily demonstrates that the interactions 
between a set of bisemiparticles result from the interactions between the right and the left semisheaves 
belonging to different bisemiparticles leading to a set of mixed action-reaction processes of bilinear nature. 

Mathematically, if we have a set of N (distinguishable) bisemiparticles, their 3D spatial structure is 
given by the completely reducible representation Rep(GL2Ar(Ai{ x A l)) of the bilinear general semigroup 
GL2n{^r X Al) ■ Indeed, given a partition 2N = 2i + 22 + • • • + 2jv of 2N , the tensor product 
Rep(GL2i (A i{ X A i)) • • • (g) Rep(Gi2jv (A ij x A l)) has an irreducible quotient given by the formal sum 

= Rep(GL2i(AflX Az,))ffl--- 

ffl Rep(GL2, (A K X A i)) ffl • • • ffl Rep{GL2^ (ArxAl)), l<i<N , 

which constitutes a completely reducible orthogonal representation of GL2fj{AR x Al) ■ 

The nonorthogonal completely reducible representation of GL2i^{Ar x Al) is reached if we add to 

Rep(GL2Ar=2i-i i-2i - +2jv (■'^ ^ ^ l)) the direct sum of off-diagonal irreducible bilinear representations 

Rep(T2. {Ar) X T2-^ (A l)) for all pairs of semiparticle indices, i j ■ 

These mathematical considerations allow to develop Langlands global bilinear correspondences for 
reducible representations of GL{2N) [Pie9] and to introduce the general mathematical frame of the inter- 
actions between bisemiparticles as studied in section 5.1. 
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5.1 Interactions between bisemiparticles 

Definition 5.1.1 (Interacting bisemiparticles) Let {9fj^ ®(}Li) be a bisemisheaf 
" ST " , " MG " or " M " of a bisemiparticle " i " . The total right (resp. left) semisheaf Qr^ (resp. 
@Ln ) of a set of A'' right (resp. left) semiparticles on GL2n{^r) (resp. GL2n{^ l) ) is the union of the 
disconnected right (resp. left) semisheaves: 

^R,Ln = ^-R.ii U • • • U Oii^Li U • • • U Or^Ln 

N 

given by the direct sum [Art] of all right (resp. left) semisheaves Oij,!,^ = ® if ^^id only if Or^l^ fl 

Or,l,+, = . 

Then, the bisemisheaf {@Rfj ® ©Ln) of a set of A'' interacting bisemiparticles on GL2n{^r x ^l) will 

be: 

/ N \ / N \ ^ 
Qr. «> Ol^ = ® 0l J = (Or, O 0l,) 

\i=i J yj=i ) 

which can be decomposed following: 

N N 

Qru «) 0l« = {Or, ^Ol,) (Or, «) 0L,) 

where 

AT 

a) the direct sum {6r- ® 9Li) refers to the total bisemisheaf of A^-noninteracting (i.e. free) bisemi- 

i=l 

particles verifying the condition of nonconnectivity between the bisemisheaves " i " and " j ": 

{OR,®eL,)c\{eR^®0L,) = ^ . 

N 

b) the "mixed" direct sum {9r^ Ol^) refers to the bilinear interactions between the right sem- 

isheaves 6r^ of the A'' right semiparticles and the left semisheaves of the N left semiparticles. 
The bisemisheaf of a "mixed" direct sum is thus an interference bisemisheaf between the N inter- 
acting bisemiparticles. 



Definition 5.1.2 (Interaction bisemisheaves of interacting bisemileptons) The (i ,j)-th in- 
teraction bisemisheaf {Or. ® O^j) of the "mixed" direct sum of the total bisemisheaf (6_r„ ®Qln) of a 
set of N interacting bisemileptons represents the interactions between the right semisheaf Or^ of the i-th 
bisemilepton and the left semisheaf of the j'-th bisemilepton and can be developed following: 

Or^ id Ol, = Ol^'HU, n) (g) 0l-Htj,rj) 

0(^3^ (rO^-) ^i,.(r-,)(™)) ®{eR-f\u, (rO)(^) ®e rj)^'^ 
if we take into account the Sl isomorphism (see definition 4.1.1). 
Note that 

1) OR^^{ti,ri) 0£) 0]^^{tj,rj) is a "mixed" diagonal 4£)-space-time bisemisheaf composed of: 
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a) "mixed" orthogonal space biquanta Mj^,{ri) -^i^X'^j) generated by a spatial smooth bien- 
domorphism ®d (see proposition 4.3.5); 

b) "mixed" time biquanta {ti) ® M[ (tj) generated by a time smooth biendomorphism Er (^ 
El. 



2) ^^.(t",)'"*^ ^L^{fj)^"^^ is a "mixed" 3D magnetic bisemisheaf composed of "mixed" magnetic 
biquanta M^C^i)'"^ '^m Ml.{rj)'^"'^ of a magnetic field. 

3) 6']j. '"^\ti{, Ti))''^^ (g)e O^j^^l "^((^i)j ^i)'"^'' is a "mixed" electric bisemisheaf composed of electric biquanta 
(M^^(ti)('=) (g)e Ml^irjY"^) or (M^^(r,)(^) (g)e M£^(ij)('^)) of an electric field. 

Remark that all these "mixed" biquanta of interaction are localized between the bisemileptons labelled 
i " and " j ". 



Definition 5.1.3 (Interaction bisemisheaves of interacting bisemiphotons) Similarly, the {i—j)- 
th interaction bisection (Tr- (g) Tl- ) of the "mixed" direct sum of the total bisemisheaf (Tr^^ ® Tlj^ ) of a 
set of M interacting bisemiphotons is given by: 

Tn,(8>n,^T^,{n)(E)Tl.{rj) 

where 

1) ^Ai(^i) ®D Tl.{rj) is a "mixed" diagonal space bisection composed of "mixed" orthogonal space 
biquanta M^,{ri) (g)r> Ml,{rj) . 

2) Tji^.{riY"^^ (gim Tl.{rjY"^^ is a "mixed" magnetic bisection composed of magnetic biquanta of the 
magnetic field of the interacting bisemiphotons. 

Definition 5.1.4 (Bisemileptons interacting with bisemiphotons) The total bisemisheaf Gi{„_^ig) 
©Ljv-M of a set of N interacting bisemileptons interacting with a set of M interacting bisemiphotons is 
given by 

/ N M \ / A' M \ 

0H«-M ©L«-M = e e J (8) e ol, e 

Vi=i fe=i / h=i J 

N M \ / N M \ 

e OR:HU,n) rA,(rfc) (8) e 0i-'(i,-,r,) e T^^r,) 

i=l k=l J \i=l ?i=l / 



N , M 

^fi7'(ii,rO®^i;'(t„r,) (TAjrfe)®r2jr^)) 
© (^K7'(ii.n)®r2^(rft)) 0^4(^fc)®^i7'(ii.^.)) 
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where 

N 

a) the direct sum refers to the total bisemisheaf of N interacting bisemileptons; 

M 

b) refers to the total bisemisheaf of M interacting bisemiphotons; 

k,h=l 

c) the mixed direct sum refers to the bilinear interactions between the right semisheaves fj) 

i,h=l 

of the A'" right semileptons and the left semisheaves Tl^{rh) of the M left semiphotons. 

N,M 

The {i — /i)-th interaction bisemisheaf of this direct sum decomposes under the ^i-isomorphism 
into the bisemisheaves: 

where 

1. Oj^.{ri) ®DTl^{rh) is a mixed diagonal space bisemisheaf composed of mixed orthogonal space 
biquanta M^. (r) (g) d (r) ; 

2. Oji.{ri)^"^^ ^1^(^/1)'"*^ is a mixed 3D magnetic bisemisheaf generating a magnetic field; 

3. 0]^.{ti)^^^ (g)e Tl^{rh)^''^ is a mixed 3D electric bisemisheaf generating an electric field. 

M,N 

d) the mixed sum refers to the bilinear interactions between the right sections Ti (vk) of the M 
right semiphotons and the left semisheaves 0]^^itj,rj) of the A'' left semileptons. 

The {k — j)-th interaction bisemimodule of this direct sum can be handled under the Sl- 
isomophism similarly as in c). 



Lemma 5.1.5 Let ^^^.{ri) '^d Q^-ifj) he the mixed 3D diagonal space bisemisheaf of interaction between 
the 3D space right semisheaf 6j^_ (r,) of a right semiparticle (semifermion or semiphoton) and the 3D space 
left semisheaf6i^.{rj) of a left semiparticle (semifermion or semiphoton). 
Then, the mixed orthogonal space biquanta: 

are gravitational biquanta of the gravitational field between the i-th right semiparticle and the j-th left 
semiparticle. 

Respectively, the mixed ID time biquanta M^,{ti) (g) All,{tj) will be assumed to generate a scalar 
gravitational field between the i-th right semifermion and the j-th left semifermion. 
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Proof. The gravitational biquanta M^,{ri) M^ ,(rj) are elements of the gravitational field because 

(3) (3) 

they belong to the bisections of the tangent bibundles T^^^-stmg m ®d Ti^--st mg m whose inverse pro- 
jective bimaps {pR^ ®DPLj) are the 3Z) diagonal momentuni bioperators (see definition 4.2.2). 

Now, these bioperators {pR^ d PLj ) can be considered as operators of "mixed" acceleration if the 
tangent bibundles T^^ .st mg m ®^ '^LyST MG M defined on the internal bilinear Hilbert spaces W+ 
(see definition 3.1.7). 

Knowing that the intensity of the gravitational field is proportional to an acceleration, we have the 
thesis. ■ 

We are thus led to the following proposition: 

Proposition 5.1.6 A set of bisemileptons interact by means of a gravito- electro- magnetic field. 
A set of hisemiphotons interact by means of a gravito-magnetic field. 

A set of bisemileptons and of hisemiphotons interact by means of a gravito- electro-magnetic field. 

Proof. This proposition results from the definitions 5.1.2 and 5.1.4 and from the lemma 5.1.5. However, 
let us remak that: 

a) the mixed diagonal interactions generate the gravitational field while the mixed off-diagonal inter- 
actions generate the electro-magnetic field. 

b) if we work in the context of a bilinear quantum theory, then the bisemiphotons interact between 
themselves while in the standard linear quantum theory, the interactions are generated by gauge 
theories (see for example [A-L], [Langa]) as in the [/(I) abelian gauge theory, excluding any interac- 
tion between photons. ■ 



Proposition 5.1.7 Let us adopt the convention that the structure of a negative electric charge is given 
by an electric bisemisheaf of type 6')j(t)*^'^' 0e 6*1 (?')^^' and that the structure of a positive electric charge is 
characterized by an electric bisemisheaf of type O^ir)^^^ 0e ^i(i)^*^ • 
Then, we have that: 

a) a set of N electric charges of the same sign of N interacting bisemifermions interact by means of an 
electric field; 

b) a set of N electric charges of opposite sign of N interacting bisemifermions interact by means of a 
magnetic field and by means of a time scalar gravitational field; 

c) a set of N magnetic moments of N interacting bisemifermions interact by means of a magnetic field. 



Proof. 

a) Let (i)*-^-* ®e ^Li('')''^' s-'^d ^ij(^)*-^'' be two bisemisheaves characterizing two electric 

charges of the same sign (here negative) of two interacting bisemifermions labelled " i " and " j . 
These two negative electric bisemisheaves interact between themselves by means of the two interac- 
tion bisemisheaves: ^)j.(t)^''^ ®e and 9]f^.{t)'^'^^ ®e ^ii('')''*^ according to definition 5.1.1. 
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Clearly, these two interaction bisemisheaves are of electric nature composed of electric biquanta which 
are elements of an electric field. As these two interaction bisemisheaves are of the same nature, they 
will be of repulsive nature. 

b) The two electric bisemisheaves 0]^.{t)^'^^ (g)e 9\.{r)'-'^'> and Oj^^{rY''^ ®e characterizing two 
electric charges of opposite sign of two interacting bisemifermions " i " and " j " interact by means 
of the two interaction bisemisheaves: 

1. 6*12. (r)''^) (8)e6'i,(r)('^) which is a 3-D space bisemisheaf, i.e. a magnetic field; we thus have the 
identity: 

so that the magnetic bisemisheaf Oj^.{r)^"^^ ^i^C^)^™^ is composed of magnetic biquanta of 

a magnetic field; 

2. Oji itY'^^ ®e SY itY'^^ which is a mixed time bisemisheaf composed of scalar gravitational time 
biquanta that are of attractive nature. 

c) Prom the definitions 1.1.5 and 5.1.2, it appears that a set of N magnetic moments of A'' interacting 
bisemifermions interact by means of a magnetic field. ■ 

Definition 5.1.8 (Internal bilinear mixed Hilbert space) According to definition 5.1.1, the total 
bisemisheaf {Qr^ ® Sl^) of a set of N interacting bisemifermions or bisemiphotons is given by: 

Let PL bo a projective linear map, mapping the right semisheaf 0_r„ onto the left semisheaf 
let Bl be a bijective linear isometric map from the projected right semisheaf 6/{„(p) to Qln so that the 
bisemisheaf ®Qln be transformed as follows [Pie4] : 

{Blopl) : (g) ^ &La^ ® Ql^ 

leading to 

N N 

Then, the diagonal bisections {Tlj^. ®d ^LjliLi and {Tlr. 0d TL.}f^j^i , obtained under the Si- 
isomorphism, are defined respectively on the internal bilinear left Hilbert space and on the internal 
bilinear mixed left Hilbert space • 

Definition 5.1.9 (What differentiate bisemifermions from bisemiphotons) The bisemisheaves 
{^Lr. ® ^Lil^i of the bisemifermions diflfer from the corresponding bisections of the bisemiphotons by the 
existence of the electric bisemisheaves at the origin of the electric charges of the bisemifermions. Similarly, 

the bisemifermion interaction bisemisheaves {(9l„, g; f?Lj }ij=i differ from the corresponding bisemiphoton 
interaction bisections by the existence of electric bisemisheaves at the origin of an electric field. 

This way of handling interactions between bisemiparticlcs differs from the standard description, in 
linear quantum theory, of a set of N fermions given by an antisymmetric Fock space over the Hilbert space 
while a set of N photons is described by a symmetric Fock space over the Hilbert space [Foe], [VN-Mu]. 
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Let us be more explicit by working out the standard Hilbert space at two particles and the present 
bilinear Hilbert space at two bisemiparticles. For the purpose of simpHcity, we shall exclude the magnetic 
and electric bisemisheaves of the bisemifermions and the magnetic bisemisheaves of the bisemiphotons. 
We then have: 

Proposition 5.1.10 (Bilinear Hilbert space) The standard Hilbert space at two particles is given by 
W2 = Wi (S) W2 while the internal bilinear left Hilbert space at two bisemiparticles is: 

H2 = '^(l) ffi "^(2) ® ["^(1-2) ® '^(2-l)]int • 

■^2 is thus a Hilbert space at two free particles while T-L2 leads naturally to a bilinear Hilbert space at two 
interacting bisemiparticles. 



Proof. The structure of the Hilbert space at two bisemiparticles results directly from definitions 
5.1.1 and 5.1.8. 

Let us point out the difference between W2 and 1-12 by developing the additional structures of these 
two Hilbert spaces. 

a) If {/7}"Li and {fs}^^i are the orthonormal basis of Wi and W2 , then a vector <p of H2 = Hi ® W2 
will write: 

ni,n2 

(l>= T, Cjsiff fs) 

7,5=1 

and the scalar product {(j), (j)) defined on 'H2 x H2 will be given by [R-S]: 

('/>,</') = {T,Ci6{fi<^ fs),T,Cixu{fi^(^ ft.)) 
~ ^ ^SCiJ.vif'y: fn) ■ {fSifv) j 

b) on the other hand, a bivcctor 4)Ln^ ®d 4'L2 of 

Ol^^ ®d 0L2 = {9Lnm ® ^i«(2)) ®D {Ol(1) © 0^2)) 

(see definition 5.1.1) will write: 

(l)Ln2 ®D 1pL2 = ('/>Lb(i) ® <pLn(2)) '^D (V'L(l) © ^L(2)) 

= ij:ba{e'')*®Ec0{f)*] '^D (E&7(e7)®Ec5(/5)) 

if {(e")*}"^^ and {{f^)*}^^^i are orthonormal basis respectively of the right semimodules Olh^^ and 
0L^^2) while {ej}^Li and {fs}sli are orthonormal basis respectively of the left semimodules ^l(i) 
and 6*^(2) • 

Then, the internal scalar product on 6'l„^ (^d Ol2 will be given by: 

i(pLn^,tpL2) = T, babbie", e^) + Y.C0Csif^,fs) 
a=7 0=S 

+ E baCsie^Js) + E C0b^{f/3,e^) . 

a=5 /3=7 
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Remark that 

where (-^Lfld, V'l(2)) S H+^_2) ^^^^ ('?^iK(2) ®-D ^i(i)) ^ ^(2-1) ■ 

[7i^_2') © 'W(^_i)]int is the direct sum of the interaction bihnear Hilbert spaces between the two 
bisemiparticles (1) and (2) . 

Then we have that 

1. if [Wj^^_2) ®^(2-_i)]int = , the two bisemiparticles do not interact; 

2. If [H^_2) ® ^(2_i)]int 7^ , the two bisemiparticles interact by means of a gravitational field 
(see lemma 5.1.5) generated by: 

• gravitational biquanta from the 3Z? mixed bilinear Hilbert spaces 

l"-(l-2) * "-(2-1)] ^ '^■(1-2) * "-(2-1) ' 

• time mixed biquanta of a scalar gravitational field from ID mixed bilinear Hilbert spaces 

['^(i-2) ® "^(^l)] ^ ^("1-2) ® ^(2-1) • ■ 



Definition 5.1.11 (Wave equations of interacting bisemiparticles) We shall now introduce the 
"wave" equation of N interacting bisemiparticles. 

Referring to definition 5.1.1, the total bisemisheaf (6ij^ 0Oi,„) of a set of A'' interacting bisemiparticles 
is given by: 

According to definition 3.1.8, this bisemisheaf (6/{„ ®Qln) will generate the extended internal bilinear 
Hilbert space H'j^ if we apply to it the [Bl °Pl) map transforming it into the bisemisheaf Qlr^ ■ 



If we take into account the section 2 of chapter 4 where the "mass" second order elliptic differen- 
tial bilinear equation was introduced, we can state that the "mass" biwave equation of N interacting 
bisemiparticles can be developed following: 

E [(M R,^ ® M L.^ ) - {En,, ® El,^ )] [<f>Ln,, {t, r) ® cPl,. {t, r)] = 

where 

a) M fl,^ (resp. M ) is the mass differential right (resp. left) operator, given explicitly in definition 
4.2.2, acting on the /i-th right (resp. i^-th left) section (Plr. (^j^) (resp. (pLj^itjr) ) of the right 
(resp. left) semisheaf 9lr. (resp. Ol^ ) defined on the bilinear Hilbert space ; 



b) {Er.^ (g) El^^) is the corresponding eigenbivalue. 



no 



We then have the following proposition; 

Proposition 5.1.12 The biwave equation of N interacting bisemiparticles separates automatically into 
Nq biwave equations of the Ng bisections of N bisemiparticles and into ((Nq)'^ — Nq) biwave equations 
referring to the interactions between the right and left sections of these N bisemiparticles. 

Proof. The mass biwave equation of N interacting bisemiparticles on the extended internal bilinear 
Hilbert space : 

E mR.jLnAt,r) <^ML,MjAt,r)) - {Er,^®El.^){<I>l {t,r)®ct>L,At,r))] = 
decomposes into: 

E m R.. <t>Ln,, {t, ® M ^u, {t, r)) - {En,, ® Eu, ) ((/>l«,^ {t, r) ® {t, r))] 
where 

a) refers to the sum of Ng biwave equations relative to the Ng bisections of the A'' free bisemiparticles; 

b) Yl refers to the sum of [{Ng)^ — (Ng)] biwave equations relative to the interactions between the 
right and left sections of the A'' bisemiparticles. ■ 

Definition 5.1.13 (Biwave equation between two different sections) The biwave equation rela- 
tive to a bisection of a free bisemiparticle was already handled in section 2 of chapter 4. We shall now 
develop the biwave equation between two different right and left sections, i.e. when jjL ^ v : this corre- 
sponds to a term b) of the proof of proposition 5.1.12: 



Proceeding as in definition 4.2.3, this biwave equation becomes: 



-[{Er,,-El.^){^l {ti^,ri^)-<t)Li^{tj^,rj^))] = 



where 



fi2 

API - - — qP 09 /dOO - „0 



fin — {s^ijui , 2;j^2 , Xj^g } . 
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It is a second order degenerated elliptic differential bilinear equation which can be solved by separation 
of variables. This equation allows to find the interaction energy, which is of gravitational, electric or 
magnetic nature according to proposition 5.1.6. 

Remarks 5.1.14 1) In [Piel], Green's propagators for bisemiparticles, i.e. Green's bipropagators, 
were evaluated which allowed to develop the S-matrix for bisemiparticles. 

It was then demonstrated that the traditional Feynman graphs [B-D] , like the electron self-mass and 
the vacuum polarisation, "open" and split giving rise to new Feynman "bigraphs" in the context of 
bisemiparticles: the result is that the Feynman graphs, which are divergent in the context of quantum 
field theory [Schwc] , arc transformed into corresponding bisemiparticle bigraphs which were proved 
not to be more divergent. 

2) This way of handling the interactions between N bisemiparticles, and more particularly between 
N bisemielectrons, clears up the problem of the electronic correlation between N electrons (see for 
example [L5w]). 

5.2 The gravito-electro-magnetism 

Instead of considering the interactions between a set of N well defined and localized bisemiparticles as 
done until now, it is possible to envisage the interaction of a given bisemiparticle with an external field 
representing the global infiuence of the set of {N — 1) remaining bisemiparticles. 

Definition 5.2.1 (The tensor of the gravito-bifield) This external field will be given by the generic 
biconnexion {Aii{t,r) (g) AL{t,r)) such that A]i,L{t,r) be a right (rcsp. left) connexion, i.e. a right (resp. 
left) distribution at the considered point PR,z,(t, r) (see definition 4.2.8). 



is a four- vectorial distribution whose components A"^ , m = x,y, z , are given for example by [B-D]: 



where s{kR^L',X) is the polarization unit vector depending on the integer A = 1,2 referring to the two 
transverse polarization modes of the semiphotons. 

The mass bisemisheaf of a bisemiparticle in an external field on the left extended internal bilinear 
Hilbert space will then be written: 



where " e " is the classical charge parameter modulating the connexion AR L{t,r) in order to have an 
interaction between two proportional charges throughout an infinitesimal right or left connexion. 

The mass bioperator {Mr M £,) of a bisemiparticle endowed with the infinitesimal biconnexion 
{eAii{t,r) (g) eAL{t,r)) , noted {Ar (g) Al) , will develop according to: 



AnAt,r) = {A'j,^L,A%L,Ay,^^,A%^^} 




[(M R + eAR{t, r)) (g (M L + eAL{t, r))]{9L^ (g 9l) 



{Mr + Ar)^{Ml + Al) = {Ur^Ml) + {Ar^Al) + {{Mr^Al) + {Ar^Ul)) 
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where ((M_r (g) A^) + {Aji ig) M^,)) represents the interaction bioperator between the mass bioperator of 
a bisemiparticle and the infinitesimal biconnexion giving tlio global influence of an external bifield. This 
interaction bioperator is the sum of two tensors of the same type and will be noted M Amn ■ 



The interaction tensor M Amn is a tensor whose components are: 



{mo,Px,Pv,Pz} and Am = {At,Ax,Ay,Az} . 



with 



This interaction tensor R 
explicitly written as follows: 



called the gravito-electro-magnetic tensor or GEM tensor, can be 



Gt 


E^ 




El 




Gx 


B7 


Bt 




Bt 


Gy 


B- 




By 


Bt 





\ A — 



where 

a) = {E^jEt^jE^} is a SlJ-positively (resp. negatively) charged electric field vector; 

b) = {B^ , By , Bf} is a 3-D-positive (resp. negative) magnetic field vector; 

c) G = {Gx,Gy,Gz} is & 3D gravitational field diagonal tensor and Gt is a scalar gravitational field. 

Proposition 5.2.2 The interaction tensor M.Amn is transformed into the antisymmetric tensor Fmn of 
electromagnetism ifMAmn is submitted to the bijective antisymmetric map C : M.Amn Fmn transform- 
ing the right components of Am into their corresponding left components and the left components of Mm 
into their corresponding right components, which corresponds to a map transforming a symplectic metric 
into an orthogonal metric. 



Proof. 

a) The oS'-diagonal left electric components of the interaction tensor M Amn are: 

d h d 

= El. = moAi + AtPi ~ +ih Afi - — , i = x,y,z . 

at c oi 



The " C " map defined as 
transforms El^ into —Ei : 
where 

in the c=U=l systems of units. 



moAi + AtPi rrioAi + piAt 

G : Ej^ = El- ~Ei 

'OA, dAt 



-Ei = +i 



dt di 
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-E = +VAt 



It then appears that {—Ei}i^^ y ;^ are the components similar at a sign of the 3-D negatively charged 
left electric field vector: 

dl 
'dt 

of classical electromagnetism. 
Similarly, 

h d d 

E+ = Er^ = Pi At + AiTTio ^ +«- gl ^^^i ol 

can be transformed by the " C " map into: 

C:E+=Er,^ +Ei 

where 

Clearly, {+Ei}i =x,y,z are very closed at a sign to the components of the 3D positively charged right 
electric field vector 

dl 
'dt 

of electromagnetism. 



E = -WAt 



b) In a similar way, the off-diagonal left magnetic components of the GEM interaction tensor M A„ 
are: 

h d h d 

B^. = Bl^ = PiAj + A^pj ^ +1 - — Aj - I - A, — , {i, j, k} <^ {x, y, z} . 



The " C " map transforms Bf. = Bl,, into 

-Bk = +i ( 



/dAj dAi 
V 9i dj 



in the c= h= 1 system of units. 

{—Bk}h=x,y,z are the components of the 3D left negative magnetic field vector —B = —V x vl of 
electromagnetism. 

Similarly, 

B+ = BR^=PjAi+AjPi^+i - — Ai-i- A^ - . 



The " C " map transforms B^ = into 



+Bk = +i 



fdAi a A 



- 



\ dj di 

where {Bk}k=x,v,z are the components of the 3D right positive magnetic field vector +B = VxA. 

c) Finally, the diagonal components Gt = moAt + Atuio and Gj = PiAi + Aipi , i = x,y,z , of the 
interaction tensor MAmn are the components respectively of a scalar gravitational field Gt and of 
a 3-D gravitational field diagonal tensor G because Gt and G are "mixed" 1-D and 3-D diagonal 
bioperators acting respectively on "mixed" 1-D and 3-D space orthogonal bisemisheaves which are 
gravitational bisemisheaves according to lemma 5.1.5. 
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The " C " map transforms Gj = Wo^lt + AjTOo and Gi = PiAi + A^pi respectively into 

'dAt dAt' 



and into 



~t \ at at 



^ ^.h fdAi dA, 

~i c \ at at 



so, if the right components of A^ anticommute with the left components of M „ , then 



G =G =0. 

This explains why the gravitational field is so hardly observable and why it does not appear in the 
tensor i^„m of clcctromagnetism as we should expect it. 

Summarizing, we have: 

C: 



where 



and 



I A — > F 



Gt 


E^ 


Ey 


E^ 


Et 


Gx 


B^ 


Bt 


Et 


Bt 


Gy 


Bx 
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By 


Bt 


G. 









-Ey 


+E^ 







-B, 


+Ey 


+B, 






+E, —By +Bx 



-By 

-Bx 




Proposition 5.2.3 The "GEM" gravito- electro-magnetic tensor MAmn is reduced to the "GM" gravito- 
magnetic tensor MA^j , i,j = x,y,z , in the case of bisemiphotons, i.e. when a bisemiphoton interacts 
with an external field. 



Proof. According to proposition 5.1.6, bisemiphotons interact by means of a gravito-magnetic field. 
Consequently, the tensor MAmn reduces to the tensor 



G.X 



Bl 



Bt Gy B^ 
By Bt Gz 
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which is transformed into the tensor 



FP. 



-B^ +By 

+B, -B^ 
—By +Bx 



under the action of the " C " map. 



Remark 5.2.4 The bisemifermions interact by means of gravitational, electric and magnetic biquanta 
which could be interpreted as virtual photons [Fey2], [Fey3] like in quantum electrodynamics. 

Indeed, the external field is given by the generic biconnexion AR{t,r) AL{t,r) which could be inter- 
preted as a "hi" scmiphoton gauge field as in quantum electrodynamics. 

Thus, the existence of a local bilinear gauge transformation on a physical field is equivalent to consider 
a deformation of this field following 1.4.16 and [Piell]. 

Proposition 5.2.5 The condition AD-nul divergence: d^M.Amn = , i.e. 

applied to the GEM tensor M Amn leads to a set of formal differential equations: 

V -E 



dGt 
dt 



VxB = V-G + ^- 

at 

analog to the second set of Maxwell equations: d^Fmn = ^^jm , or 



V-E = p, 

^ ^ dE 



where j„ = {p,jx,jy,jz} ■ 



Proof. As An^L is a right (resp. left) connexion in contrast with the vector potential Am{r,t) = 
Ax, Ay, Az} of electro-magnetism given classically by [F-L-S]: 



0(1, 



p{2, t - r-12/c 
4Ilsori2 



dV2 



J 4neac^ri2 

i.e. defined respectively from the charge density p{2,---) and from the current density j(2, •••) , the 
12?-divergence and the 3Z)- "divergence" 



dx dy dz 
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of the gravitational field Gm appears formally in the set of equations: 

at 

The conditions of 4Z)-nul divergence d^'MA^^ = of the tensor M^^^ leads to the conditions 
{Sl, Al) = M i) = Q , where 5l is a 4Z)-left divergence and (•, •) is a scalar product. Now, {5l, Al) = 
corresponds to the radiation gauge or to the Lorentz condition [B-D] of electromagnetism while ((5^. M l) = 
is a condition of conservation of the left mass of the reference left semiparticle or is a condition of 
nonaccelerated (i.e. uniform) motion. 

This set of differential equations gives the possibility of generating a, ID and a 3D gravitational field 
respectively from an electric field and from an electromagnetic field. 

The transformation 

is realized through a (7r^t ° E) morphism applied to V • .B . ■ 



Definition 5.2.6 (4Z?-external current) If the tensor M.Amn is no more conserved, i.e. if {6l, Al) 
and if {Sl, Ml) / , then we have: 

{\®5l)[{Mr®Al) + {Ar®Ml)\=Jr 



or 



mn — <^m 



where J„i — { Jt, Jx, Jy, Jz} is a 4_D-cxternal perturbating right current. 
This condition 5"M Amn = Jm leads to the set of differential equations: 



Jt + V-E = 



dGt 
dt ' 



J + VxB = V-G + 



dE 
'dt ' 



with J = {Jx, Jy, Jz] ■ 



Definition 5.2.7 (3D external current) The condition of 3D nul divergence: 

V^M^^. =0, i,j = x,y,z, 
applied to the GM tensor M.A^- of bisemiphotons leads to the set of differential equations: 

V X B = V • G 



which gives the possibility of generating a gravitational field G from a magnetic field B . 

If the tensor MA^^ is no more conserved, i.e. if (Vl,^l) and if iy l,Pl) where Vl is a 3D 
divergence, then we have: 
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where = {Jx^Jy^^l} is a 3D external right current. 

The condition V-'MAf. = Jf leads to the set of differential equations 

JP + V X B = VG . 

Remark 5.2.8 It is commonly assumed that light waves are electromagnetic waves. However, considering 
the preceding developments, it appears that isolated light waves, i.e. bisemiphotons, generate only a 
magnetic field. It is only when light waves interact with bisemifermions that an electromagnetic field of 
interaction is produced according to proposition 5.1.6. 

On the other hand, bisemiphotons could not have a proper mass (i.e. components depending on their 
proper time) strictly equal to zero following proposition 1.4.8, because, otherwise, the velocity of light 
would be infinite. But, the proper mass of the bisemiphotons is too tiny to generate an internal electric 
field. 

Proposition 5.2.9 The gravitational field is of attractive nature while the electromagnetic field is of 
repulsive and/or of attractive nature. 

Proof. This results from the fact that the gravitational field consists of diagonal biquanta while the 
electromagnetic field is composed of pairs of off-diagonal magnetic and electric biquanta, generating a 
positive or a negative field following the sense of rotation of the sections of the magnetic and electric 
bisemisheaves of the corresponding magnetic and electric fields. ■ 

Remark 5.2.10 (The gravitational field and the theory of general relativity) Let us finally 
make two remarks concerning the gravitational field. 

1) In this algebraic quantum model (AQT), the gravitation results directly from the diagonal inter- 
actions between bisemiparticles. The question is now to find some connexion between the way by 
which gravitation has been introduced in AQT and the way by which it was described by A. Einstein 
in general relativity [Ein3], [Ein4]. 

The solution is not immediate. Indeed, it appears that there are two fundamental tools in general 
relativity: 

a) the metric tensor g^j^ , interpreted as a gravitational potential leads to a description of grav- 
itation in terms of curvature of space-time throughout the Ricci tensor R^v without really 
attending to the cause of gravitation; 

b) the equation of Poisson: A(f) = AIlKp having been used as a guiding principle for deriving the 
equations of general relativity: 

Now it appears that the concept of interaction between (bi)objects at the basis of the generation of 
the gravitational field could be related to the basic metric tensor (^^^ . On the other hand, Poisson's 
equation, describing the "dynamics" of the production of the density of matter p from the gravita- 
tional field, likely refers in AQT to the transformation of 3D graviphotons into 3D bisemiphotons. 
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2) It was demonstrated that every massive elementary left or right semiparticle is constituted by three 
embedded semisheaves of rings: 

^U(i>OsT c el-;l{t,r)MG c el-;lit,r)M 

such that the middle-ground and mass semisheaves of rings be generated from the space-time sem- 

isheaf of rings. This idea was initially developed in order to get a bridge between quantum field 
theory and general relativity. Let us recall the pioneer work of L. Parker [Par] in this field. Indeed, 
Sakharov [Sak] suggested that gravitation could be some quantized phenomenon due to the vacuum 
energy. The aim pursued in [Piel] was then to consider that: 

a) the two internal structures of an elementary semiparticle, i.e. the space-time and middle-ground 
structures, could correspond to its unobservable vacuum from which the mass structure could be 
generated. The middle-ground structure was then interpreted as being of gravitational nature, 
which was promptly realized to be incorrect. 

b) the equations of general relativity can be lightly modified [Picl] by relating nicely the Ricci 
tensor to the matter stress tensor in order to take into account the creation of matter from 
gravitational energy. 



5.3 The strong interactions 

Definition 5.3.1 (The space-time structure of a semibaryon) The strong interactions are widely 
believed to be generated by a nonabelian SU{3) gauge theory of colored quarks and gluons which are 
permanently confined in color singlet hadronic bound states: this is quantum chromodynamics [M-P]. 

This theory is principally justified by the beautiful discovery that nonabelian gauge theories are asymp- 
totically free [G-W], [Pol], [Weinl], but unfortunately, quantum chromodynamics does not give a simple 
qualitative and dynamical understanding of confinement [C-J-J-T-W]. 

Now, in this algebraic quantum model, the strong interactions and the nature of the confinement of 
the semiquarks result directly from the space-time structure of the semibaryons. 

Indeed, it was proved in proposition 1.4.3 that the algebraic time structure of a semibaryon is given 

by: 

i=l ' 

where 0|j^i(ic) is the core time structure of the semibaryon and where ^/^ ^. (^i) is the time structure of a 
semiquark. 

The algebraic space-time structure of a semibaryon is generated from the semisheaf of rings 9^^^ {t) by 
'Jti^n ° Ei morphisms: 

i=l 

according to proposition 1.4.4. 

As in QCD (i.e. quantum chromodynamics), the color is related to a quark state [Kok] and corresponds 
to one of the indices " i " of the semiquark semimodule Oji^l.{ti, ri) , 1 < 1 < 3 . 
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We would thus have the equivalences: i = 1 red color, 

i = 2 blue color, 

i = 3 ~ yellow color. 

Recall that the set of parameters 

G{PB)tc^[t^,t2,ts] = {Gi(pBi),- • • ,G^{pbJ,--- ,Gq{PBj} , 
noted in abbreviated form G{pb) and defined by (see definition 1.4.5): 

^tctyriB—pBjR.L — >[tl,t2,t3] ' 'l^ltlMMhPBji j^ 

where 

^) 't'h-{nB-PB)R L °^ algebraic Hecke characters related to the generation of the reduced 
semisheaf 0'^j^{tc) by Eisenstein homology, 

b) 4'[ti,t2,t3];pB,i ^ is t;he set of algebraic Hecke characters related to the generation of the complementary 
semisheaf 

i=l 

leads to the definition of the strong constant of the strong interaction: 

{G{pB)tc^[h,t2M]) = (^i^G^ipB^^ 

noted G{p) . 

Now, we can state the proposition: 

Proposition 5.3.2 1) The confinement of the 3 semiquarks originates naturally from the generation of 
the 3 semiquarks from the core time semisheaf of rings of the semibaryon by the smooth endomorphism 
Et . 

2) The asymptotic freedom of the 3 semiquarks could result from a complete transformation of the core 
time semisheaf of rings of the semibaryon 0*jlj^{tc) into the complementary time semisheaves of rings 
of the 3 semiquarks under the conditions that: 

a) 0*n]Litc) ^ ; 

G{pB)tc^lU,t2,t3] - / 

c) {ub - Pb)r,l . 
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Outline of proof: Asymptotic freedom, which is a consequence of Bjorken scaUng [Bjo] at high mo- 
mentum transfer [D-D-T], occurs if the semiquarks are free, i.e. if 0*^]^{tc) — . 

This is realized when the rank set Pbr^l of t^^^ complementary semisheaf of rings of the 3 semiquarks 
^/fl L (^1' ^2, tz) is equal to the rank set of the core time semisheaf of rings Life) , i-e. if {tib— Pb)r,l . 

And, from the definition of the set of parameters G{pB)tc^[ti,t2,t3] ) it appears that asymptotic freedom 
is reached when G{pB)t^^[ti,t2,t3] — • ■ 

Definition 5.3.3 (Mass-operator of a semibaryon) Referring to the space-time structure of a 
semibaryon as given in definition 5.3.1, it is immediate that the elliptic self-adjoint differential operator 
corresponding to the mass operator of a right (resp. left) semibaryon is 

{±..G(,).-A,...,±.AG(,).f |}, 
{±^HGip)s-^^,■■■,±^^Gip)s- ^}} 

where 

a) the indices R, B, Y refer to the colors; 

b) {s^}i=x.y,z are the components of a 3D unit vector referring to the spin of the red semiquark; 

c) G{p) is the strong constant defined in definition 5.3.1; 

d) cr^b.y is the abbreviated notation for the parameter Ct^r{PqR.B.Y)R.L referring to the generation 
of the 3-D spatial semisheaf of rings of the semiquark R , B or Y from its corresponding ID time 
semisheaf of rings. 

Definition 5.3.4 (The space-time structure of a bisemibciryon) According to the axiom II 1.3.9 
and definition 3.1.2, we have to consider bisemibaryons whose " ST ", " MG " or " M " structure is given 
by the bisemisheaves 

9^^" {t, r) ST.MG.M (Xi 0^^'^ {t,r)sT.MG,M characterized by the tensor products between the right semisheaf 
0^^'^{t,r)sT,MG,M , referring to a right semibaryon, and a left semisheaf Of^^"^ {t,r)sT,MG,M referring to a 
left semibaryon. On the "mass" structure, we will have: 

Ol^'it,r)M<^ef^'^{t,r)M 

= {Or (to) e (^fl-^(iii,rfl) ® 

^{OiHtc) © iel-HtR,rR) ® el-\tB,rB) ® (^^^(tr.rr))) . 
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Under the 5i-isomorphism, this baryonic bisemisheaf splits into the following set of bisemisheaves: 

i=l »,j=i 
i=l i=l 

where 

a) the bisemisheaf {0*^1 {tc) ® S*^{tcj) refers to the core central time structure of the bisemibaryon; 

b) the bisemisheaf {0][^^{ti, rj) (g) 6]^^{ti, rj)) refers to the 10£)-space-time structure of the bisemiquark 
" i " { i = red, blue, yellow). 

This bisemisheaf {d]^'^{ti,ri) ® 9]^^{ti,ri)) splits under the Si-isomorphism into the direct sum of 
the three bisemisheaves: 

• the 4D-diagonal space-time bisemisheaf iO]i^^(ti,ri) (g)£) Oi^^{ti,ri)) , 

• the 3D magnetic bisemisheaf 6i|.(rj)('") , and 

• the 3D electric bisemisheaf ej^.iU)^"^ 0e Ol.in)^''^ or O^.in)^"^ 0e Oi.{ti)^''^ . 

Remark that the 4£)-space-time diagonal bisemisheaf d]i^^{ti,ri) (g)£) 9]^^{ti,ri) of the i-th bisemi- 
quark is at the origin of "biquanta" Mj^.{ri) 0d Ml_{ri) which are generated from the 3D space 
orthogonal bisemisheaf (r^) (g)^ 9^,{ri) by a smooth biendomorphism Efi (^d El ■ 

The electric bisemisheaf of a bisemiquark is at the origin of the electric charge of this bisemiquark 
whose absolute value is | ^ | e or 1 1| e . Indeed, following that the electric biquanta of the electric 
bisemisheaf of a bisemiquark are invariant under an electric subgroup of SL{1, IR) x SL{3, M) (or of 
SL{3, M) X SL{1, M) ) (see definition 4.2.19) at one or two bigenerators, the eigenbivalues (in " e " 
units) of the electric charge of a bisemiquark will be | g | or 1 1| . 

3 

c) the "mixed" direct sum {9]^^{ti,ri) 9]^^{tj,rj)) refers to the bilinear interactions between 

the right semisheaves 9l^^{ti,ri) of the right semiquarks and the left semisheaves 9\^^{tj,rj) of the 
left semiquarks. 

The {i — j)-th interaction bisemisheaf {9]^^{ti,ri) (g) 9]^^{tj,rj)) between the i-th right semiquark 
and the j-th left semiquark splits into 

1. a mixed diagonal 4D- space-time bisemisheaf: 

i9]i-^iU,n)(dD9l-^itj,r,)) 

composed of mixed ID time biquanta and mixed 3-D orthogonal space biquanta which are 
biquanta of the gravitational field between the i-th and the j-th bisemiquark. 
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2. a mixed magnetic bisemisheaf 

composed of magnetic biquanta of the magnetic field between the i-th and the j-th bisemiquark, 

3. a mixed 3D electric bisemisheaf 

composed of electric biquanta of the electric field between the i-th and the j-th bisemiquark. 

3 

d) the mixed direct sum of the bisemisheaves ^{Ojl{tc) ^ ^^iT'^(ti, 7"^)) and 

3 

® (^iT^ ^i) ® (*c)) refer respectively to the bilinear interactions between the right central time 

i=l 

semisheaf of rings 0'^{tc) of the right semibaryon and the left semisheaves 9]~^{ti,ri) of the left 
semiquarks and to the bilinear interactions between the right semisheaves d]^^{ti,ri) of the right 
semiquarks and the left central time semisheaf of rings 6*j^{tc) of the left semibaryon. 

The i-th interaction bisemisheaf {9*j^{tc) ® 9]^'^ {ti,ri)) splits into: 

1. a mixed \D time bisemisheaf {0*j^{tc) <E) referring to the interaction between the right 
central time semisheaf of rings of the right semibaryon and the i-th left time semisheaf of rings 
of the i-th left semiquark. 

This bisemisheaf is composed of mixed ID time biquanta M^{tc) (S) Mj^,{ti) which are of grav- 
itational nature according to lemma 5.1.5. 

2. a mixed 3D electric bisemisheaf {9*jl{tcY'^^®ef)\.{'i'i)'^'^^) composed of electric biquanta (M^(ic)^'^^ 
®e ^L-i^i)'"'^^) which must be of "strong" nature and responsible for a "strong" force between 
the central core right semisheaf of the right semibaryon and the 3-D space semisheaf of the i-th 
left semiquark. 

These strong electric biquanta {M^{tc)^^^ 0e M[.{ri)^^^) are likely rather massive. 
To each of the three electric strong bisemisheaves {0'^{tc)^^^ (S)e ^i^C^i)^^^) > can associate 
a "blue" , "yellow" or "red" color in the sense that the localization of such a bisemisheaf on a 
bisemiquark gives to it the corresponding color. 

We have a similar sphtting of the i-th interaction bisemisheaf ((^/jT^(tj, r^) (8) 0}}{tc)) ■ 

We are thus led to the following proposition: 

Proposition 5.3.5 A right and a left semibaryon of a given bisemibaryon interact by means of: 

1 ) the electric charges and the magnetic moments of the 3 bisemiquarks; 

2) a gravito- electro-magnetic field resulting from the bilinear interactions between the right and the left 
semiquarks of different bisemiquarks; 

3) a strong gravitational and electric field resulting from the bilinear interactions between the central 
core structures of the left and right semibaryons and the right and left semiquarks. 
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Proof. The assertions of this proposition result from the developments of definition 5.3.4b 

Corollary 5.3.6 In the lightest, stable (nonradioactive) nuclei, the number of protons is equal to the 
number of neutrons in such a way that the strong positive electric field of the up bisemiquarks equilibrates 
the strong negative electric field of the down bisemiquarks. As a result, the strong force between up and 
down bisemiquarks is attractive. 

Proof. According to proposition 3.1.6, the electric basis must be three-dimensional. Consequently, 
for a given bisemiquark, the electric strong field must refer to the strong electric negative bisemisheaf 

i^Ri'tcy"'' ®e 6*1, (n)^""^) or to the strong electric positive bisemisheaf (6*1. (ri)('=) Oe 0*L{tc)) ■ 

As the quark composition of the proton is u, u, d and u, d, d for the neutron, we sec that the mixed 3D 
strong electric positive bisemishcaves (O^Xri)^"^ i^e 0i}itc)) of the right up semiquarks will compensate 
the mixed 3D strong electric negative bisemishcaves (^lj^(ic)*^^'' <8)e ^Lii^i)^'^^) down semiquarks: 

in other terms, the strong electric field between up and down bisemiquarks will be of attractive nature. ■ 

Proposition 5.3.7 A set of bisemibaryons interact by means of: 

1) a gravito- electro-magnetic field resulting from the bilinear interactions between the right and the left 
semiquarks belonging to different bisemibaryons; 

2) a strong gravitational and electric field resulting from the bilinear interactions between the central 
core structures of the semibaryons and the semiquarks belonging to different bisemibaryons. 



Proof. According to definition 5.1.1, the general bisemisheaf of a set of A'' interacting bisemibaryons is 
given by: 



8=1 i,j = l 



The {i — j)-th interaction bisemisheaf [0^'^ ® ^l^"^) decomposes under the Si-isomorphism into: 

a,/3=l a=l 
^K~!{tia,na)®0l]{tc,)) 

where 

3 

a) the mixed direct sum {d]^^{tia,ria) (g) rjp)) refers to the bilinear interactions between 

a, 13=1 

the right semisheaves 0]^^{tia,ria) of the right semiquarks and the left semisheaves 0]^^ (tj/},rji3)) 
of the left semiquarks. 

According to proposition 5.3.5, the {ia — j73)-th interaction bisemisheaf generates a gravito-electro- 
magnetic field. 
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b) the mixed direct sum {O"^. (^ci)®^!, .^{tjajfja)) refers to the bihnear interactions between the cen- 

tral core right semisheaf 9"^, {tc- ) of the i-th right semibaryon and the left semisheaves 0^^{tja,rja)) 
of the left semiquarks of the j-th left semibaryon. 

According to proposition 5.3.5, this {i—ja)-th interaction bisemisheaf generates a strong gravitational 
and electric field. ■ 



Remark 5.3.8 The classical charge parameter " e " is the coupling constant modulating the connexion 
-^R,L{t,r) tied up with a right (resp. left) semilepton as envisaged in definition 5.2.1. It would then 
be natural to choose the parameter [Piel] as the coupling constant modulating the connexion 

^qn.L tisd up with a right (resp. left) semiquark. 



5.4 The decays of bisemipcirticles 

Definition 5.4.1 (Main decays of bisemiparticles) In definition 2.4.2, it was demonstrated that the 
second and the third families of elementary right and left semiparticles are generated from the first (resp. 
the second) family by a SO{-) o Vd{-) morphism where: 

a) Vd{-) denotes the versal deformation; 

b) SO{-) is the spreading-out isomorphism. 

As the second and the third families of elementary bisemiparticles are unstable, they decay into lighter 
bisemiparticles, i.e. finally into bisemiparticles of the first family. 
The decays of bisemibaryons are of two types: 

1) leptonic decays which are of general form: 

B + e + i/i 

where 

a) A and B are bisemibaryons so that the bisemibaryon A has a bisemiquark composition of higher 

mass than that of the bisemibaryon B ; 

b) £ is a bisemilepton and vi is a bisemineutrino; 

2) nonleptonic decays which are of general form: 

A^ B + mes 

where 

a) the bisemibaryon A has a bisemiquark composition of higher mass than that of the bisemibaryon 

b) mes denotes a meson having a bisemiquark composition qpqL such that the right semiquark qn 
has generally a different flavor from the left semiquark gr^ . 
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The decay of bisemileptons are of general type: 

where the bisemilepton is of higher family than the bisemilepton i}, and where ui, and V are bisemineu- 
trinos. 

Proposition 5.4.2 The leptonic decay A ^ B + £ + i^i of a hisemiharyon A results from, the "diagonal" 
emission of a bisemilepton " I " by a bisemiquark q-i of A throughout the biendomorphism {Eji ig)/? -Bz,) 
applied to the IQD- space-time bisemisheaf {9]^^{ti,ri) 6]^^{ti,ri)) of the bisemiquark qi . 

As a consequence, the bisemiquark q^ is transformed into a bisemiquark q[ of lighter mass and a bisem- 
ineutrino vi is emitted to take into account the bilinear interaction between the bisemiquark q[ and the 
bisemilepton I . 

Summarizing, we have: 

qi^ q[+t + vi , % G A , q'i&B . 

Proof. Let (6'^7^(ti, n) ® dl~^{ti,ri)) be the ST , MG or M bisemisheaf of the i-th bisemiquark qi 
belonging to the bisemibaryon A . This bisemiquark qi is supposed to be of the family B ov C (see 
definition 2.4.2). 

Let then {Er^bEl) be the diagonal smooth biendomorphism applied to this bisemisheaf (^^"^(fj, 
Ol-\ti,ri)) : 

Er (3d El : ^^7^(ii, r^) el'^iti, n) 

- iO],-fiU,n,)<S)9l-\t.,,re)) + {O],-\t,r)®0l-^{t,r)) 
+iOR-f{ti,,ri,)®0l-\t,r)) + {e'R-\t,r)®el-/{ti,,ri,)) 

so that 

^) {ti',ri')iSi {ti'yfi')) is the bisemisheaf of the i-th bisemiquark having decreased to a lighter 
family; 

b) {OR^^it, r)®0^^{t, r)) is the bisemisheaf of the generated bisemilepton £ such that the left and right 
semisheaves 0]^\^{t,r)pg of the bisemilepton £ have ranks pe equal to the difference between the 
ranks n, and (n — p)j , of the semisheaves 0]i^\.{ti,ri)ni and f^^R.f L.,{^i' ^'''i')(n-p)i of the left and 
right semiquarks (?ij,L. and qR^L., ■ 

We thus have that: 

pe = ni-{n- p)i ; 

c) the leptonic bisemisheaf (6*)^"^ {t, r)®9]^^ {t, r)) is disconnected from the i'-th bisemiquark bisemisheaf 

ie]^-f{ti,,re)®el-;'{ti,,r,,)) ; 

d) the sum of the two biscmishcavcs (9]f^{ti',rii) $5' 9]^^{t,r)) and 

{9]^^{t,r) (S) 6]^^'^{tii ,ri'}) is the interaction bisemisheaf between the bisemilepton £ and the gen- 
erated bisemiquark qi' and is allowed to generate a new bisemifermion, under the circumstances a 
bisemineutrino . ■ 



126 



Proposition 5.4.3 The nonleptonic decay A ^ B + mes of a bisemibaryon A results from the "off- 
diagonal" emission of a meson " mes " by a bisemiquark qi of A throughout the nonorthogonal biendo- 
morphism {En^m^eEi) (i-e. a magnetic or electric biendomorphism) applied to the space-time bisemisheaf 
{OR^^{ti,ri) iSi 0^^(ti,ri)) of the bisemiquark qi . 

As a consequence, the bisemiquark qi is transformed into a bisemiquark qi' of a lighter mass. 

Proof. Let {0]^~^{ti, ri) ® 0]^^{ti, ri)) be the ST , MG or M bisemisheaf of the i-th bisemiquark gr^ of 
the bisemibaryon A . 

Let {Er (gj^ El) be the "magnetic" smooth biendomorphism applied to the 3Z) space bisemisheaf 
. (rj ) {fi ) C {ti ,ri)® 6\^^ [ti ,ri) so that the 3D space magnetic biquanta are emitted, i.e. are 

disconnected from Off,{ri) (^d ■ 

The set of emitted magnetic biquanta then generate the magnetic bisemisheaf (()\^^ ®rn which 
can get a "mass" throughout the bimorphism {"^r^t ° E)ii (^m {ir^t o E)l ■ We then have that 

{^r^t O E)r ®„ (7^^t O E)l : ®m Ol^J ^ ie]^± ®nonorth Ol-Jj 

where the nonorthogonal bisemisheaf [O]^^^ (Sinonorth ) corresponds to the generated meson from the 
i-th bisemiquark qi . This bisemisheaf {O]^^^ (Sinonorth ^1"^, ) is characterized by a metric 5^/3 so that 

5c«/3 = if a = /3 , 

< 

fla/? 7^ if a ^ /? . 

Similarly, we can envisage an "electric" smooth biendomorphism {En^eEi,) applied to the bisemisheaf 
Ti) r;)) of the bisemiquark qi so that electric biquanta are emitted, i.e. are disconnected 

from {9]^{t,,r^)v-e]^''{f,.ri)) . 

The set of emitted electric biquanta then generate the electric bisemisheaf {6\^ (E)e ^Lmes^ which can 
get a mass throughout the bimorphism (7t^r ° (^e ilr^t ° E)l . We then have that: 

(7t^. O E)r ®e ilr^t O E)l : {9],^^^ ®e Ol^J ^ (^^j'^ ^nonorth 01^^ . 

Thus, in the case of a "magnetic" or an "electric" smooth biendomorphism, a massive meson 
(Olr^ •H'nonorth ^r~^ ) Can bc generated from the bisemiquark i . 

If this massive meson develops a morphism (SO o Vd) on its time structure, it will be endowed with an 
electric charge (see definition 2.4.1). The consequence of the generation of the meson " mes" " from the 
bisemiquark qi of " A " is the transformation of this bisemiquark into a bisemiquark qii of different flavor 
and with a mass lighter than this of the bisemiquark qi . m 

Proposition 5.4.4 The space-time structure of a meson is given by the nonorthogonal space-time bisem- 
isheaf ST-MG-M : (9"^^^^ ®„o„orth OI'^Jst -MG-M characterized by a nonorthogonal metric gaff 7^ 
ifay^p. 

Proposition 5.4.5 The decay ia ^ £b + + of a bisemilepton ia results from the diagonal emission 
of a bisemineutrino throughout the biendomorphism {Er ®d El) applied to the space-time bisemisheaf 
(^flTf (^'O ® ^17^ (i^O) of the bisemilepton ■ 
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As a consequence, the bisemilepton £a is transformed into a bisemilepton £1, of lighter family than 
and a bisemineutrino V of different helicity from U), is emitted to take into account the bilinear interaction 
between the bisemilepton ih and the bisemineutrino Uh . 

Proof. Let {0]r^{t, r) O 6]~^{t, r)) be the ST , MG or M bisemisheaf of the bisemilepton ^„ . Let then 
{Er El) be the diagonal smooth biendomorphism applied to this bisemisheaf: 

{ER^DEL):9],-%r)^9i-^it,r) 
- K-'{t, r) ei-'it, r)) + ie],-Ht, r) el-Ht, r)) 

h o b 

+K-Ht, r) ® el-Ht, r)) + {e]^Ht, r) ® e]-Ht, r)) 

^fe h b *6 

where 

a) {9]r.'^{t,r) (g) 9]^'^{t,r)) refers to the bisemisheaf of the bisemilepton £h resulting from the decay of 

the bisemilepton £a ; 

b) {6]i'f{t, r) 6]^^{t, r)) is the bisemisheaf of the bisemineutrino Vb emitted by the bisemilepton £b ; 

c) [(6'o"^(i, r)i»9l~^{t, r)) + {9]r^{t, r)(»9l~^{t, r))] refers to the interaction between the bisemilepton 4 

'^b ^b ^b 

and the bisemineutrino vj, and is allowed to generate a new bisemineutrino, under the circumstances 
a bisemineutrino V of which the left semineutrino differs by its helicity (which is right) from the 
helicity (left) of the left semineutrino vi,^ of the bisemineutrino Vb ■ 

Thus, in the terminology, a bisemineutrino V whose left semineutrino has right helicity is the "antineu- 
trino" of the bisemineutrino v whose left semineutrino has left helicity. ■ 

5.5 The EPR paradox 

Let us recall that the famous EPR paradox raises two kinds of questions [E-P-R] , [Bel] : 

1) Does the wave function describe the objective reality of an elementary particle? 

2) How is it possible that two elementary particles, having interacted in the past, can still interfere in 
the future, even instantaneously, although the Hilbert space (representing the mathematical frame 
of quantum mechanics) only deals with tensor products of one-particle Hilbert spaces, excluding 
interactions between elementary particles? 

We shall prove in the next proposition that this new algebraic quantum model gives a response to the 
EPR paradox and that the two types of questions raised by this paradox are in fact intimely interconnected. 

Proposition 5.5.1 1) The wave function of quantum mechanics, defined on the linear Hilbert space 
Ti. , is replaced in AQT by a wave "bi" function referring to the state of a bisemiparticle and defined 
on a bilinear Hilbert space H^ . 

2) Two elementary bisemiparticles can interact: 

a) through the space by means of a gravito-magneto- (electric) field; 

b) through the time by means of a ID time gravitational field. 
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Proof. 

1) Point 1) was already developed especially in definition 4.2.1. Thus, the linear wave function of linear 
quantum mechanics does not describe the objective reality of an elementary (bisemi)particle. Only, 
the wave "bi" function referring to a state of a bisemiparticle describes the objective reality of a 
bisemiparticle. 

2) a) Two bisemiparticlcs interact in an interval of time dt through the space by means of a gravito- 

electro-magnetic field according to proposition 5.1.6. These two bisemiparticles can interact 
"nonlocally" through the internal time only by means of a ID time gravitational field according 
to lemma 5.1.5. The internal time can then be considered as an hidden variable. 

b) the structure of the bilinear Hilbert space at two bisemiparticles having interacted in the 
past makes possible their possible interaction in the future at the condition that a gravito- 
electro-magnetic field might be generated between these two bisemiparticles. ■ 

It can be concluded that the description of the interferences between two bisemiparticles having inter- 
acted in the past is only possible by the consideration of biobjects. 
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